
MATH 142A: Introduction to Analysis

www.math.ucsd.edu/~ynemish/teaching/142a

Week 3:

Homework 2 (due Friday, January 22)

Midterm 1 on Wednesday, January 27 (lectures 1-7)

Regrades for HW1: Mon, Jan 25 - Tue, Jan 26 (PST) on Gradescope

Today: Monotone sequences  
> Q&A: January 22

Next: Ross § 10

⑥
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Monotone séquences
Def A Sequence (Sn) is called

an increasing séquence if

a decreasing séquence if

a monotone (monotonie Sequence if it is increasingordecreasing

Exemples
en =

An = O n

bn = n fn =¥

Cn = - n gn =
n' - 4h

dn -- t hn = ( Itt )
"



Bounded monotone séquences converge

Thmw.cn All bounded monotone séquences converge .

Prof Let (sn) be a bounded increasing séquence .

Dénote S'_ = { Sn ! ne A- }
.

Then

( Sn) bounded ⇒

Fix Eso .
Then

①

②



Important example : the member e

Sequence an = ( tt tn)
"

is convergent .

Prof
.

i Sequence

2 Sequence bn is bounded below :

3 1 t z +Thm -
10.2 ⇒ sequence ( bu)Î ,

" Liz. ( tt =



Example

Consider the Sequence (an)nÎ , given by a ,
= F

,
anti = Vista

Is Can) convergent ? If yes ,
what is the limit?

\ (an) is monotone

z (an) is boundedabove

\ ta +Thm
.
10.2 ⇒



Un bounded monotone séquences

Thm (il 1f (Sn ) is unbounded and increasing ,
then

Iii ) If (sn) is unbounded and decreasing , then

PRI i ) Fix M > 0 . (a) unbounded ⇒

(Sn) increasing ⇒

Corolla ry
10.5 1f (Sn) is a monotone séquence ,

then it has a limit

i. e.
,
(Sn ) converges or diverges to to or diverges to - o

.



limsup and liminf

[et (Sn) be convergent , ftp.sn-s .

Then HE>07N

tu > N lsn -SI LE
-

tim sa ⇒ iff HE >o ZN
h→ a

tenté
,
is

(viii. is ( ⇒¢: sms ⇒ )
Deflo.6-h.net (Sn) be a séquence . We define

linnççp - II.÷

live.in! = fin . : -

H sup {su : ne # feta , liavçsupsn = ; if inf { soi. ne Nrf -o , linminofsn =



limsupandliminfExamples-Dan-n.VN
supsran : n > Nt ⇒ linmçupn

UN inffan : n > N } ⇒ liminfn
na -

2) bn -_ tn
,

UN supfbn.in > N } ⇒ limsupnt
ado

V-Ninffbni.MN } ⇒ limiufhn
> a

3) en =

"

UN supdcu.cn > NI ⇒ limsup
n > a

UN inf { Cn : non } ⇒ liiçinf -¥

4) dn - fi )
"

FN sup { dur. n> N } ⇒ limsupet)
"

hoo

UN inftdn : non } ⇒ lieu infect
vie

µ)
"

5) en = rt
"
"

UN suplene.mn } ⇒ limsupn
ado

FN inffenc.us N } ⇒ hminf ne)
"

nao



Convergence and

limsupfliminfthm.10.tt1-et (Sn ) be a Sequence in IR
,
se IR or setter -ab .

Then ci) limsn ⇒ ⇒
nao

Cii ) limsupsn = liminfsn = s ⇒

n→o n→ a

17¥ Dénote uj-infgsninsNI.vn-suplsninsnl.u-liyinfsn.v-liyy.supsn

( i ) Three cases : S - t
,

S = - o
,
se IR

Etat Fix Mao . Then 7N tn> N
,

and this inepties

that

On the other hand
, ¥.gs#to--sfsetRIFixEso.Then7NV-nsNs-EcsncstE.Then

(a) (b)

(c)



Convergence and limsupfliminf

(ii ) Three cases : 5- tais
-
_
-on se IR .

15=+7 liminfs# ta ⇒ HM 7N Ans N Un > M
- into

Then .

fsc-IRIliqiyfk-lniy.vn = c
, lims.upsn-fig.vn -

-c


