
MATH 142A: Introduction to Analysis

www.math.ucsd.edu/~ynemish/teaching/142a

Week 3:

Homework 2 (due Friday, January 22)

Midterm 1 on Wednesday, January 27 (lectures 1-7)

Regrades for HW1: Mon, Jan 25 - Tue, Jan 26 (PST) on Gradescope

Today: Monotone sequences  
> Q&A: January 22

Next: Ross § 10
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Monotone séquences
Def A Sequence (Sn) is called

an increasing Sequence if tn snesnx ,

a decreasing séquence if tn Snzsnt ,

a monotone (monotonie Sequence if it is increasingordecreasing

Exemples
en = HI not monotonie

an > 0 increasingauddecreasiug n

fn=L increasing
bn - n increasing Hh ti - ¥, =

> °

Cn = - n decreasing gn =
n' -4N not monotone

- 3 , -4 ,
-3

,
_
_
.

dn - t decreasing hn > ( Itt )
"

increasing



Bounded monotone séquences converge

Think All bounded monotonie séquences converge .

Prof Letton) be a boundedincreasing séquence .

Dénote S'_ = { Sn ! ne AV }
.

Then

( s" """"d ⇒ """PSER § .°•°ÏFix Eso .
Then Show liaison - sups

h # a

① a- sups ⇒ Un SNEUCUTE Asso 3N Vas N

② ce = sup S ⇒ 7N su > u - ce
là- cette# a-{ < sueurs

(Sn) is increasiug ⇒ tu > N a-«⇐ su

| + a imply that Has N u-Ecsnautc

DU



Important example : the member e

Sequence an = ( tt tn)
"

is convergent .

Prof
.

i Sequence bu :-( HEY
"

is decreasing

tn"
t'

= = #¥ .#F- # (IIF # (HÉ ,)
"

Now use Bernoulli 's inequalitg : ( tt¥ )
"

> ptn -¥ > tt ¥ > Htniso

bbn > ¥, . n =p ⇒ V-nzzbn-iabn.lu ) is decreasiug .

2 Sequence bn is bounded below : Au bas 0

3 1 t z +Thm -
10.2 ⇒ sequence ( bu)Ê , converges

" Liz. ( tt = Liga ( HII
"

- ¥, = Liga ( Itt )
""

- ie



Example ami = Stan
-

-
Consider the Sequence (an)Î= , given by a ,

= F
,
anti = Vista

Is Can) convergent ? If yes ,
what is the limit?

| (an) is monotonie V i tn au so

b-ton - (5Mn-c)
=

an - au- t

anti - Un = Vtstan - V5ta =-
-

Etant Fan , Ftanrfai . ,
→

Az - ce , = FÉ -F so ; if an - au- c > 0 ,
then anti - au >0

Principle of math induction ⇒ Un anti - au > 0
,
(an ) is increasing

2 (an) isboundedabovevane-V5-tan-V5ltts.IT Ê"" =3 t ¥ Est ¥13 ta )
E 3 + ¥ t ¥ t - -

- t 0¥ , =3 ( tt ¥ + ¥ t - -
- +¥ ) a 3-2=6

\ t z +Thm .
10.2 ⇒ limon = AER .

Define bn : = anti - anti - an -5=0
a→A

4ç§n=oÆ"
"

¥? # - s ⇒ A c- { HÉ ,
IÏÊ } ⇒ * = II



Un bounded monotone séquences

Thn (i ) If (Sn ) is unboundedandincreasingitheulimsn.to
n→ a

Iii ) If (sn) is unbounded and decreasing , then limsu = - o

n→ -

Prof i ) Fix M' 0 . (a) unbounded ⇒ 7- NE A- Snsm

(sa) increasing ⇒ Ans N Snzsn >M

DU

Corolla ry
10.5 1f (Sn) is a monotone séquence ,

then it has a limit

i. e.
,
(Sn ) converges or diverges to to or diverges to - o

.



1

limsup and liminf

[et (Sn) be convergent , Ligne sms .

Then HE>o ZN

Inf {Su : non } Es- E
tu > N (Sn -SI LE ⇒ Un> N S- E < Sn CSTE#

sup { Su : n > N } E STE

tim Sn = s iff HE >o ZN s-Et inftsnin > N } E sup {Sn : non } ESTE
h→ a 11 Il

UN VN

(un)Î
,
is increasing lion un ⇒

cryo

(vu)Î , is decreasing ( ⇒ Êtê à > s ⇒
limon = s )
n → a

Def 10.6 Let (Sn) be a séquence . We define
-

-

Iimsup Sa = lim Sn = lin sup { su : n > N }
n → a mis µ →a

Iiminfsn = lim su : = lion inf {su : ns N }
no o n→ a Ny-

H sup {su : ne A- feta , liavççypsn - t- ; if Inf { saineNf
-o

, linminofsn =-D



limsup and liminf

Exemptes 1) an - n ,
UN supp an : n > N4=to ⇒ linçysupn - to

FN inf fan : n > N } > Nt1 ⇒ liminfh = t -
na -

2) bn -_ tn
,

FN supqbn.in > N } -
t

⇒ limsupnt -_ 0Nt1 ado

UN inf { bu : NN } - O ⇒ limiuf # = O
n> a

=

3) en =

"

UN suplcu.cn > NIE # ⇒ limsup ⇐ o
n> a

UN Inf { Cn : non } ? -¥ , ⇒ liminf ±
ondeh =

4) dn - fi )
"

AN sup { du :n> N } - t ⇒ limsup e)
"

=L
hoo

UN inftdn : h >NI = - t ⇒ lieu infect = - t
nmèo

5) en = à
"
"

UN suptene.us N } = te ⇒ limsupn
"
"

= to
his

FN inffenc.us N } = ⇒ hminf net"=
Ondo



Convergence andlimsupflimiinfthm.10.tt1-et (Sn ) be a Sequence in IR
,
se IR or setter -ab .

Then Ci) limsn = s ⇒ liminfsn = liursupsa ⇒
n→o h→ o n → on

Cii ) limsupsn-liminfsn-s-sliyy.sn = S
n→o n→ a

17¥ Dénote g- Inf { su : n > N ) ,
on = sup {sans Ns , ce :(iuminfsn ,

a- liuçsupsn

( i ) Three cases : S - t
,

S = - o
,
se IR

15=+0-7 Fix Mao . Then I N tn> N sa > 2M
,

and this inepties

that An > N Un ? Un ? 2M >M ⇒ tim un = timinfsn = t -
Nao

a → *

On the other hand
, Lin.gs#to--sV-nva--ro--sliyjgpsn=tofsetRIFixEso

- Then 7N Un>Ns - Ezcsn < STE Then

| Un ZUNZS- Ez > S -E ⇒ Vu> N Un >SE 2 va EVNESTEZ < SE⇒AnsNvnastz

3 Vu Un ton 1 t 273 ⇒ Vhs N S -EC Un ± On LSTE



Convergence and limsupfliminf

(ii ) Three cases : 5- tais
-
_
-on seR .

15=+7 liminfs# to ⇒ HM>07N Ans N Un > M
- into

Then lent , = Inf { Su : n > Nt1 } >M ⇐ Vu> Nt1 Sn > M
.

fsc-RIliqiyfk-LI.vn = c
, limççpsn -_ Liç.vn

-
-c

tt HZZ UNE
, inflige : K > h- t } E Sn E Sup { Sk : K > n - t } = On- ,

| nos Into (Squeeze Lemmon) L " "°

✓

ç
S

S

DU


