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Week 2:

Quiz 1 (Wednesday, January 13) - Lectures 1-2
homework 1 (due Friday, January 15)

Today: Sequences and their limits 
> Q&A: January 15

Next: Ross § 9

:



Symbol s to and - o

Often it is convoient to wook with Rutte . - a }

Extend ± to this set using rates :

• H XEIR - a Exeter

•
- Et

,
- A E -

, to E to

Use ± a to dénote un bounded internats

[ a. + a) {XEIR :X> a } ,
( ait d)÷ { xe IR : x>a }

f- a ,
b] :< { XEIR : XEB } ,

f- a. b) ÷ {xt IR : XLB }

fait a)÷ IR

We define .

sup 5=+0 if S is not

boundedabove.int5 = - o if S is not bounded below

sup = to
,
inf TE = - o



Séquences
Function

, mapping : Let X and Y be two sets
.
We soy that

there is a function defined on X with values in Y
,
if via some

rate f we associate to each element XEX an (one ) element

ye Y .
We write f :X → Y

,
x
#
y (y

-
- Hx ))

X is called the domain of definition of the function ,

y > f- (x) is Called the image of x .

E.g. : f :[a 1)→ Coil ) ,
x # x

'

Def ( Sequence ) A function f : → XCR
,
whose domain of

definition is the set of natural members
,
is called a séquence .

f4) , f12) , ftp.flu ) , . . . Notation : (Si , sa , Ss , Su , - - ) = ( Sn)nÎ ,

{ (m)
,
f-(mn)

,
ffmtz ) , _ . . (Sn)nu ,

( Sn)ne
,

{Si , Sai Ss, - - 3 ,
{Sn3Î

,

ÂM- Itt)
.

flmttz) , Émirs) . - (Sm ,
Suite

, 5mn , . - ) = (Sn )Êm = (Sn ) nan

g (h) f-(m- t tn )



Exemples of séquences
• (an)nÎ

,

an - o (an)nÎ , = (0,0 , 0,0, - . . )
-

• (an )n= ,
,
on = h (au)Î , = ( le 2. 3,4 ,

. _ . )

• (au)nÎ ,
anat ( au)Î , = ( I. I. E. ± ,

. . . )

• bn -_ ¥ ,
ne {0,112.3 ,

- - 4 (bn )nÎ = ( lit , ± , # ,
- - - )

• Sin ( ¥ )
,
net ( Ico , -4011,0 ,

_ _ . )

• ton = ( Itt)
"

,

ne INI (bu )nÎ , = (2,2-25,2-3704,2-4414,2-5216 ,

• au = n' - Sin (¥ ) (an)Î , = (0.84/0.98 , 0.997,0-9993,0-9997;-)



n

Convergence
Def 7.1 .

A Sequence (Sn) of real members is said to converge

to the real humber s if

HE> 0 7- Ne# An > N ( Isn -SILE )

Notation : limon = S or Sn→ s
,
nan

hyn

Dent A
séquence

that does not converge is said to diverge .

convergent / divergent

Remark-NC-TN.in the définition dépends on E.

Sn = ¥ , ne INI , ¥çsn =/ , lsn - nl = 1M¥ - il = #

( Sn - SI c I for all n > 1

15h - 5140.1 for all n > 10

Isn - SILO -01 for all n > 100 ( also for all nn } g)



Exemples of séquences
• ( an)Î

, ,
on -0 (an)nÎ , = ( 0,0 , 0,0 , . . - ) liman =D

nos

• ( an )nÎ
, ,

on -_ n ( an)nÎ , = ( 42131 4 , _ _ . ) diverges

• ( an )Ê , ,
an > tn (an)Ê ,

= ( lit , titre - - - ) liman > 0
axe

• bn = En , ne {0,42 . ... } ( bn)Î. @ = ( I , tzyg ,
- - - ) liman co

ups

•
Sin ( E )

,
ne INI (1,0 , -1,0 ,

I
,
_ .

- ) diverges

• bn = ( tt tn )
"

,

ne INI ( bu)Ê , = ( 2,2-25,2-3704,2-4414,25216. . . . )

limbn-enxo.cn
= n' sinltnz)

,

ne .TN (au)nÎ
,
= ( 0.84

,
0.98

, 0.997,0-9993,0-9997. . ]
lim n' sinnt ) =/
nos



Uniqueness of limit

Prof .

1-et ( Sn)Î , be a convergent séquence .

Then

nljm.sn-snnliy.sn - t ⇒ Et

Prof
.

Fix E> 0
.

Then

① limsn ⇒ ⇒ 7N , tn > Ni lsn - sta Ez
n # a

② limsn -- t ⇒ 7- Nz Fn > Nz lsn - tt LE
vide

③ ① and ② ⇒ V-nsmaxlNi.NU
Tr- lneq. G-- A- *) (e#

Is-tt Elsa- SI + lsn -tl < Ezt Ez - E s +

⇒ Is- tt LE for any Eso => Is- tl -_ 0 ⇒ Et

DU



Example
{ 0 , P" (a)

1-et pet .

Then lnç n' =p 1
, p=o (b)

diverges , p> 0 Cc)

Proust (b) n'=/ ⇒ HE > o then I n° - 11=0 CE
. fake N > 1)

(c) Suppose 7 SER st - ¥çnP=s .

Then ( fake E-- i )

Z NEN tn>N INP - s IL 1

⇒ An > N npctts ⇒ An > N ne 'Æ
(contradiction AP)

⇒ NP is divergent

(a) Fix Eso
,
dénote

q=
-pet . { findNS.t.V-nsnnt-qcE#n9sfTakeN--f9V-I/

.

Then for n> N

n'> ¥ ⇒ ¥ LE ⇒ NPLE ⇐ INP -OILE
DU



Example

¥: -
±
7-

b- n
"
- n - tu nX5 - Es - ¥ )
-

=
-

7h" - n2 Mf7 - fr )( l' - EH"Ï t -- t la .

j' y" 7-ne
ttnsio 5n'+ 7h -170 < 7h' ⇒ l' IL j¥)

- 7¥ 'È"

N = maxhlo , [ È ) }
Proof Fix Eso

.

Then tn > max { 10 , [¥ ) } = N

Æi - F- t - t le s'⇒ ¥ ,

and n > LE] ⇒ n > ¥ ⇒ n' > te ⇒ ¥ ce ga


