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Week 2:

Quiz 1 (Wednesday, January 13) - Lectures 1-2
homework 1 (due Friday, January 15)

Today: Set of real numbers and 
completeness axiom   

> Q&A: January 11
Next: Ross § 7

:



Maximum and minimum

1-et IF be an ordered field and let SCF
,
S # 0

Def ( so = max 5) :'-( ses × tt ses (SE so )) maximum of S

( s. = min S) : = ( Soe S A Ases ( s.es )) minimum ofs

Exemples . Amy finit nonempty subset of IF has max and min

Take F- ④ or IR maxf-tz.at , } } = } ,
min { - toi lift = -t

2. For F-- R and acb
, dénote

[a. b) ÷ { * IR ! AEXEB } (a. b)÷ { XEIR ! acxcb }

[ a , b) { a- IR : at xcb } (a. b) i. = { XEIR ! acx Eb }

(a) max [a. b) = max (a. b) = b min [a. b) = min [ a. b) = a

( Axe (a. b) ( x c- b) A be (ab )) ⇒ b-max (a. b)



Maximum and minimum

(b) max [a. b)
,

max Ca ,b)
,

min (a , b) , min Ca , b) do not existe

( Proof by contradiction :

Suppose that 7xoeks.t.xo-maxla.to )
.

The

x. c- la . b) A t xtlaib ) ( x Exo ) . But

x. c- [a. b) ⇒ xocb ⇒ xo < c b ⇒ ( XIIe [a. b) × ×b>a.)
Contradiction→

3. Recall max [ 0
,
ta ] = max hxe IR :O ex et } = Tz

But max { qe
Q : OE qe k 4 does not existe

( suppose qo-maxfqe-Qioeqe.rs .

Then quant , F- qo > o .

F- qu
so ⇒ 7- noeIN-s.t.ocn.ch - qo .

Then

go < qoino LE contradiction



Upper llower bound

1-et IF be an ordered field and let SCF
,
570

Def If MEF A tt ses SEM
,

then M is called an upper bound

of S and S is called bounded aboie

1f meF x tt ses rues
,
then m is colleta lower bound

of S and S is called bounded below

S is called bounded
,
if it is bounded a boue and boundedbelow

Exemples 1. Internats [a , b] ,
[a. b)

,
Ca , b] ,

Ca , b) are bounded :

any mea is a lower bound
, any Mab is an upper bound

for these sets
.

2
.
If so = max 5 ,

then any MISO is an upper bound for S .

3. Sets
,
¥

,
@ , R are not bounded aboie .



Supremum and infimum

1-et IF be an ordered field and let SCF
,
570

Def If S is bounded above and S has a least upper bound

then we call it the supremum of S , sup S

( M - sup 5) ÷ ( tt ses (SEM )) A ( tt Mia M Is.es ( s, > Mi )) H)
If S is bounded belon and S has a greatest lower bound

then we call it the infimum of S
,
infos

( m -- infos) : = ( exorcise )
Exemples 1. H maxs existes

,
then sups = max S (similarly inf )

( fake si = M in definition G ) )
2. sup [a.b)

= sup [a. b) = sup (a. b) = sup Ca , b) = b (similarly for inf )

( for [a. b) : if Mab ,
then biffe [ a. b) A KÉ

'

> M )
s.



Completeness axiom

3. (a) F- R max [0,52] = max { XEIR ! 0 Exe Rb = F2

sup [ 0 , E) = sup face
IR : axer } = Fz

(b) F-- IR max { xe : oexerz 4 does not exist

sup { xe la :O Ex et 4
= Tz

(c) F- = Q max { xt Q : oexerz 4 does not existe

sup { Xt Q ! 0Extras does not exist

Complete ness Axiom
-

very nonemply subset Sot IR that is bounded aboue has a

least upper bound , i. e. , sup
5 existes and is a real member.

( S # 0 ) x ( s bounded above ) ⇒ 7- sup S

Satisfied by IR ( by définition) , not satistied by Q .



Corolla ry
4.5

[et SCR . (5+0)×15 bounded below ) ⇒ 3- infs

-
Prof •

t '

→
-

Dénote - S = f- si ses }
.

.

① : S bounded below ⇒ 7 me IR st . mes VSES ⇒ Hses -se - m

⇒ - S is bounded above

② : - S is boundedabove 7 sup f-5)
=:S .

③ : s . -_ Snpl- 5) ⇐ ( tt ses → Eso) A ( tt Micso 7- ses ( M ,
c-SD)

⇐ ( tt ses - sois)n( t - M
,

> - so 3- ses ( - tp , > si))
m m

⇒ - so = infos
DU



Archimedean Property
• H a > 0 7. ne -Æ st

. f- < a

• tt b > 0 7nc-AV-s.tn > b
ËÏ

Thm 4.6 (Archimédecin Property )

H a >oib> 0 7- ne# s -t . na > b

Prof: ( by contradiction ) Suppose AP is not true .

] a >0 ,
boost . H ne na Eb

① S : - { an : ne } is bounded zsups = : so

det - sup
② Considére So - ce : a> 0 ⇒ s

.
- ce cso ⇒ 7 nos -

t
- So- ce < an.

⇒ Sol (hot 1) a c- S ⇒ so # sup
S

,

contradiction

DU



Dense ness of Q
t.rs
a , b

,

Thm4.tt/DensenessofQ ) ← acqcb

(a. be R ) x ( as b) ⇒ z qe ( qe (a. b))
ÏÏ
"

"Ë

Prof : Enough to show that I me Z
,
ne set .

as Fcb ⇐ ans mtn bn l
'

nan! ]

① b- a > 0 Â 7 noc-AV.st.no ( b-a) > l
' " "

Hour to show that 3- me Z s -t . ano < mcbno ?

Chasse the smallest integer greater than ano
.

AP

② nomaxtlahlbly> 0 ⇒ 7 K s - t - k I no Max { laI. lbl }

⇒ - K E hoo e no b Ek

③ K : > { je
: -Ktjek , j > an } ,

Kfinite and K¥0 ⇒ 3- min Kam

④ m-_ mink ⇒ m- Içano ⇒

"

me an.tl n.b ⇒ n.acmcnob.gg


