
MATH 142A: Introduction to Analysis

www.math.ucsd.edu/~ynemish/teaching/142a

Week 1:

visit course website
homework 0 (due Friday, January 8)
join Piazza

Today: Ordered field   
> Q&A: January 8

Next: Ross § 4

:O



Fields
ATJCZCQCR ( pro per subsets )= =

1-et IF be a set with two binary opérations
+ : Ex f- → # (addition) and . : FHF → F (multiplication )

Considére the following properties :

Al . at ( btc) = la + b) te H a. b.ce F (associativity )

(v. z ) : z # l :(z : 2)
,

É - é"# (é )
"

← not associative

A- 2 . atb-btatta.be#(commutativity ) [
" H

"

means
" for all

"

]
3-2 # 2- 3 ← not commutative

A 3. JOE Est . ato-attae.tt (neutral element )

Of IV [ Ïmeans
"

there existé ]
A 4

.

Hae F 3- f-a) c- F s.t.at C-a) = o ( additive inverse of a)

⑦o
:< { re Q : RIO } - t ¢ zo



•Fields (conf ) correcte

MI
.

albc) = (ab ) C H a. b. ce IF (associativity )

M2
.

ab = ba H a.be IF (commutativity )

M3
.
7 IEF st . a. t - ce taff ( neutral element )

M 4
. V-aetfs.t.ee#o7a-'eFs.t.aa'=I( multiplicative

* { MER
"?

- detM¥0 } ( Y ,
' ) ( lol ) # ( lol ) ( q ;)

inverse )

DL a ( btc) - abtac H a. b.CEF

Definition ( Field ) set A- with more than one element and binary

Operations + and . sàtisfying AI - Au
.
MI - Mu ,

DL is called a field .

Al - Ah ,
MI - MU and DL are called the field axions

Remark la
,
R are fields

,
III. Z are not fields (with usual +

,

. )



\

Conséquences of field axions

Theorem 3. I het IF with operations + and . be a field .

Then for any a
, b. ce IF

( il atc = btc ⇒ a-- b ( Iv ) f-a) C- b) = ab

Iii ) a.0=0 ( x ) ac -- ben c #o ⇒ a-- b

(Iii ) f-a) D= - ab (Vi ) ab - O ⇒ o_0 Y b=o

AAH
Proof ci ) atc = btc ⇒ (at + C- c) = (btc ) ttc )
-

(at c) tfc) at (ette)) ato a ,
(btc)t(c) Îbtlctfc))¥btËb

which impies that a -_ b

(ii ) a. 0 a- (oto) a. Ota - O

a.OÎ a.0+0-70 + a. o ( ⇒ a- 0+90=0+9-0 a.0=0

DU

Propre ff0 ,
and Oz are (additive) neutral elements , then O ,

-_ Oz
.

Pret
.

0 , ÆQTOZ ¥0, -10 , ¥02 Ba



fields
Definition Set S with a (binary ) relation E is called

linearlyordered if

(Ol ) H a. be S either a±b or bea

(O2 ) H a , be S (aeb A bea ⇒ a = b) [ antisymmetry ]

(03) H a. b. ces ( aeb A bec ⇒ as c) [ transit ivity )

Definition 1-et IF be a set with operations + and . and

arder relation E. IF is called an ordered field if

• F with tard . is a field

• F with I is linearly ordered

• (04) at b ⇒ ate E btc tt a. b. ce F

• (05 ) at b n OEC ⇒ acebc



Properties of ordered fields

Theorem 3.2 Let IF be an ordered field with Operations t. .

and order relation E. Then tt a. be in IF

( i ) at b ⇒ - be - a (v ) OLI

Cii ) at b × CEO ⇒ bctac (Vi ) oca ⇒ ocà'

(Iii ) Ota no Eb ⇒ OE ab (Vii ) ocacb ⇒ octôaà '

(iv ) 0cal [ à = a- a ] [
"

acb
"

mears
" aeb n a # b

"

]

Profs
.

Ci ) atb a + ( C-a) + fb )) ± bt ( fast fb ))
""
- be -a

Cii ) 01-0=0 ⇒ -0=0
,
therefore CEO OE - C

.

Then

at b a OE -C a C-c) ± btc )
t
- ace - bc ¥ bc ⇐ ac

05

( Iv ) By 01 eàther AEO or Oea . osa ⇒ o.ae a. a ⇒ OEAZ

aeo ⇒ oe f-a) ta)
"

oeà
D8



Absolu te value

1-et IF be an ordered field
a if oe a

Def
'

3.3
.

L et a c- F. We call lat : > [
a if a ⇐ o

the absoluité value of a
.

Def 3.4 1-et a.be F. We call distla , b) ÷ la - bl

the distance between a and b [ a - b :< at C- b)]

Thm 3.5 Ci ) OE lol VAEF

Cii )

lablt-lallblV-a.be#CiiilIatblElaltIbIV-a.beF ( Triangle inequatity )
Proust (i ) follows from the definition and Thm 3.2 Ci )

.

Cii) Exorcise ( check 4 cases )



Proof ( court ) ( iii)

Step I : HCEF
,

OEC ⇒ - KIECEKI
y,

Proof : OEC ⇒ ICI =c A -CEO ⇒ - KIEOECEKI

Step 2 : Ace F ,
CEO ⇒ -KIECEICI

Proof : CEO ⇒ ( ICI = -c) Mf14 - c) A@ c- ICI) ⇒ -KIECEOEICI

Step 3 : - latta Etat ,

- IBIEBEIBI

Follow, from Steps and Step 2 .

Step 4 : - lat - lbl ± a -14f at be laltbalaltlb )

⇒ /
atb Elattlbl

- (atb ) E - flat - lbl ) = µ, + pb , / ⇒ latbl Elattlbl
Ba

Corolla ry
A a. b.cet dist (a. c)

edistfa.to/tdistfbic)Proof-.Exercise(Hint:Definex--a-b.y--b-c)


