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Today: Derivative of the inverse.
L'Hôpital's rule 
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Dérivative of the inverse

f- It J
,
f- ! j'→ I

.
txt I Éoflx)=x , Hye J f.Fly) -y

1f f- c- DCI ) , FÉDCJ ) ,
then different iating both side gives

txt I (f-
'

of )
'

(x ) = 1
, VYEJ (fof

"

)
'

(g) =L

By the chain rude

(f.F)
'

(g) = f-
'

( f-
'

( y ) ) - (F)
'

(g) = I

⇒ f)
'

4) =
)

H )

If f-
"

existe and f and f
"

are différentiable
,

then

(F)
'

is given by (*) .

Suppose f- Iii , Ï : Jai exists and f is différentiable at x. c- I.

Does this imply that f-
'

is différentiable at g. = flx . ) ?



Dérivative of the inverse

Thm - 29.9
.

Let f- Ii J be one - to- one and continuons on I.

( i ) f is différentiable at x. f-
'

is différé fiable at yo
-
_ fixe )

(ii ) f-
'

(x.) # 0 / ⇒ and (f)
'

(yo ) =f
Proof Weed to show that tim c- IR .

Fix E > 0 .

-
-

y → yo y
- yo

| f. (x.) # 0 # {içi
.

f¥ # 0 ⇒ 78
'

txt (x. - S' ix.+ S' hhxol f- ( x) # Hao)

¥:*
.

ËI÷, ⇒ zov-xecxo-rix.to ) I ,
-¥, la

Consider g-
Ê

, g
: J'→ I. x.

2 Thms 18-6,18-4 ⇒ gt ( ( J ) ⇒ 72>0 tytlyo
-

y , g. +y ) lgly ) - g pas

> V-yetyo-qyn-rmy.tl ,
- t'* f- tÏ"Ï -¥.de

DU



Exemples
1. arcs in - Siri

'

,
arcsine Dll- til ) )

, faresin (y ) ) '=Ë
Sin :( - I. E) → C- lit ) is a bijection ( strict lyincreasing )

V-xetfI.tt/sin'lxt--coscx)-toLetyc-f-hl)andletxtfIziE)s.t.sinx=y
by Thm 29.9arcsinisdiffentiableatyandarcsin.ly)=µn =

.

= =Ë

2. log :(Oita ) → IR is the inverse 0f amie
"

l' c- DUR)
,
l' = e"

,

e
"

> 0

⇒ V-yelo.to ) log is différentiable aty

and ( log g)
'

= Ëyt



Exemples
3. f : IR → (Otto ) ,

f- (x) = a
"

( a > 0 ,
a # 1)

1- 28.4

f =
ebola? e"

"""
⇒ V-xc.IR fifa ) = e

" ' "' "
. Ioga > a

"
. loga

4. logo :(0.to ) → IR is the inverse of xmia
"

,
V-xc.IR a

"
»

,

sa loque DKO.to )) and

IT29.9

( logay) = 1-
ËY

loga.ci
" logo

-

y



L' Hôpital 's rule

Considére the limit lim fk)

Szxniagx
' at Rutte ,

- of
,
Sepp

• If s.fi?gflxI=:FelRis,.!iyaglx)=:GetRlho3 ,
then

so!:

• If f- ⇐ {toi - of and Gette , - a } % | usual toots don't workF- 0 and 6--0 f-

f. g différentiable ⇒ try L'Hôpital 's rate



General izedmean value theorem ( Cauchy 's Thm )
Thm 30.1 f.ge ( (Lab)) gcxt-xs.la#

Âge DKa.by)
( ⇒ ] " tlaib) set .

(f- (b) -Ha ) ) gtx ) - (glb ) - gta )) -t'4) = o

Proof Consider hlx) (Hb ) - Ha ) ) gtx ) - (gcb ) - gta ) ) f64

hecllaib) )

ht 1) ( (ab)) Ë"thmzxeca.to/s.t.hYxI=uhla)=flb)qlaI-qlblfla) (Hb) - flat)g' ( x ) - (glbt - glas)fYx ) - o

h (b) = - f- la)g( b) + flblgla ) - hlal DM

f- (b) - f- (atIf glb) # gta) , gtx) # 0 .
then
ça,

= §!



L' Hôpital 's Rule
Thm 30.2 1-et aek and ssignifya.at , à .to or - o .

Suppose that f and gare différentiable (on appropriately
chose n internats ) and that ¥? =L existes .

Then If

( i ) xlinçflx) - Li? 91×1=0 flx )

iii.Insigne . .
( ⇒ L'¥ ¥: =L

Proof Orly for 5- a- and for 5=+0 ( other cases : exorcise )



Proof of L' Hôpital 's rate
\ Suppose - - < L Eta

.

Take L , al .

Liam existe ⇒ Je < s s
-

t
. f.ge D( Cas ) ) , txt (c. s ) g. (x ) # 0

By Darboux 's thm .

eitherttxc-K.SI gtx ) > o or ttxc-K.SI ghetto
(or 29.7

⇒ { xe (c. s ) : gtx ) } has at must one point

⇒ 7 c' c- (c. s ) tt exe (c'es ) g ( x )
# 0

Take Kt ( Li
,
L) . ¥1 =L > K ⇒ 3- a >étalais ) > K

By Cauchy 's thm V-lx.yICK.SI 7- ztlxiy ) s -

t
-

fly ) - ft )

(flyt-flxpcjtzt-yglyt-glxl-f.la ) ⇒Ë
= > K

Ali ) holds , takelimfgfyY.gl?I---fgfYqzksLittxeKis )yas



Proof of L' Hôpital 's rate

If Iii ) holds
,

then I die (x. s) s.t.V-cx.ysecx.is ) 9"}Y > 0

⇒ V-lx.yxki.si?,YhIgYj-.94t-eIsK.94tiI94 ) gcy )

⇒
f19 ) f- (x )

= + t4¥g¥, + k.si?jY'---k-i*-g""

Jake the limit (for any fixedxelx.is ) )

Iim fHtK = 0 ⇒ 7 La c- (ans) s -

t - t ye Laz , s )
gris gly )

f- (x) - Kqlx) L ,
- IL

Y
> a-

⇒ ¥4, > Kt = > ↳

Conclusion : AL , LL 7- x« s Axe Caris ) > 4 (A)
-



Proofof L' Hôpital 's rate
2 ff - • a- Luo

,
then

tt La > L 7- facs Exe ( fais ) §¥, < La (B)

3 Suppose LEIR .

Fixe > 0
.
Take L' =L - E

,
↳ = LE

(A) ⇒ 3- Lacs tt xelxa ,
s ) 1¥} - L > Li - L = - E

(B) ⇒ 3- pars tt xe ( pas ) §¥, - Ls Lz - t - E

⇒ V-xecmaxsrxa.no ) I - LICE ⇒ Liam =L

Suppose L > ta
. Fix M > 0

.

Jake 4=14 .

(A) ⇒ 7- tais txc-kr.SI ¥7, > M ⇒ ¥;çf¥, -- + a =L

Suppose t - * - Fix Moo -Tate ↳ = - M ⇒ ! !ç¥¥= - a

eu



Exemples

I. For
any

a> 0

Iogxclim
- = lion "

" te xa "→ te
= {iIs = 0

2. Y a> I and Owen

& d- I

tim ¥ -

_

tim % =

% .
"""

xnto x# yoga)
' a
"

=

= _ . . = tim
alt - t) - - - ( x - n+1 ) x

'"

= 0
xnite ( logo )

"

a
"

3
.

lim Sina
= lim In

x→ o X Xmio l


