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Week 8:

Homework 8 (due Sunday, March 7)

Today: Mean Value Theorem 
> Q&A: March 1

Next: Ross § 30

@



Fermat 's Theorem

Thm 29.1 (i ) f :(a ,
b) → IR

,
x. c- la , b)

(ii 1f assumes its max

Iii ) fyx . ) *is,

" min at x. ( ⇒
Prof

. Suppose that f assumes its max at x. (otherwise fake - f)
.

1f
,

then

so tt Xt (Xo ,
x. to )

Therefore
.

.
Similor argument shows that



Criticat points

(



Rollès Theorem

Notation : 1f SUR then

• fec (5) means that f is continuons on S

• ft D ( s ) means that f is différentiable ons

hm 29.2
pi ) fe ( ( [a. b) )

Iii ) ft D ( faits)) ¥
(iii. (a) = f- (b)

1700f
. By the maximum -value theorem (Thm 18.1 )

1f { xo , yo } = {ai b) , then

If yo c- Ca , b) ,
then by Thm 29.1

1f x. c- la , b)
,
then by Thm 29 -

t



Rollès Theo rem

~
a b



Mean - value Theorem ( Lagrange 's Theorem )

hm 29.3

( il ft ( ( laits] )

( ii ) FED ( (ab)) ( ⇒
Prof

.

Dénote F :[a. b) → IR
,
f- (x ) =

Then

since t' (c) = , we get



Mean - value Theorem ( Lagrange 's Theorem )

v
d k

a b



Corollaires

cor.ae#li)feDllaib ) ) | ⇒
( ii ) ff-0 on la , b)

1700f ( By contradiction) . If I x. y c- (a. b) s.t.fm ) # fly ) ,

then by Lagrange's Thm

[or29 ( il fige D( (ab ) )

Cii ) fég ' on Ca , b)
( ⇒

Prof Apply Cor
.
29.4 to f- g :



Application of Thms 29.1-29-3

1) t x. ye IR

Fix x. ye IR , xcy .

sine ( ( [ x. y] ) ,
sine D ( ( x. y ))

,
so by Lagrange 's thm

and this

2) tt x. y c- [ t.to )

Fix X. y c- [ 1
,
to ) , xcy .

Cet f :[o.to ) t [o , to ) ,
f14) = Vu . Then

fecflx , y]) , f- c- Dllxiy ) ) , so by Lagrange 's Thm

,
and thug



Application of Thms 29.1-29-3

3) Axe IR

1-et x> 0
,
flu ) = e

"

.

fe ( ( [ 0 , x) )
,
ft D ( ( o , x ))

,

t'(a) = e
"

,

so

by Lagrange 's -1hm

1f xco
, apply Lagrange 's thm to ft ( ( [x. o )) ,

ft Dllxio ))
.

Then

There fore
,



Monotonie furetions and the mean - value theorem

Def
.

29.6 1-et IEIR be an internat
,
f. I → R

.

We soy that

• f is strict tyincreasing on I if tt x. y c- I ( xcy ⇒ flx ) < fly ) )
• fis strict ly decreasing on I if tt x. y c- I ( xcy ⇒ flx ) > fly ) )
• fis increasing on I if tt x. y c- I ( xcy ⇒ ftx ) « fly ) )
• fis decreasing on I if tt x. y c- I ( xcy ⇒ flx ) zfly ) )
cor29.7-fc-DKa.to ) ) .

Then

(i ) f is strict lyincreasing on (a. b) if for all Xe (a. b)

Iii ) f is strict ly decreasing on (a. b) if for all x c- Ca , b)

( Iii ) f is increasing on (a. b) if for all Xt (a. b)

4) fis decreasing on (a. b) if for all x c- Ca , b)

Prof
.

Cil Take x. yelaib) , xcy . By Lagrange's thm



Intermediate - value theorem for dérivatives (Darboux 's Thm)

Thm2# ft D ( (aib)) ,
x. , xzt Ca , b) ,

xiéxz
.

-
t / /

( i ) ffx , ) Lflxz ) ⇒ tt ce ( flou ) ,
flxz)) J xt (x , ,xz) s -t

.

t'(a) = c
/

r I I

( ii ) ffx , ) > flxz ) ⇒ tt ce ( flxz ) ,
floc , )) J xt (x , ,xz) s -t

.

f
'
(x ) = c

Profs : ( i ) Fix ce ff434 ) , t'lxr) ) .

Considére glx) = Then

,
by Thm 18.1 (Max - value )

2

tim 91N - glxi)
x → x ,

Lo

Similarly , -

Fermat's Thm

3 ⇒


