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Companion test

Thm 14.6 1-et (an ) and Ibn ) be two séquence ,
tn an >o

Then N
ci ) ( an converges a Un ( Ibn l ± an)) ⇒ Ê

,

ba converges
N

Ki ) ( au = to a tû ( bureau )) ⇒ Ê ,

ton -- to

Exemples
• Ë ¥ : tn nez

"

⇒ tt ¥ a- ET
, ¥ hcoweges ⇒Ë¥ converses

• Ê¥ : Un Kms En , EÏ = f-ÊL diverges ⇒É
,

ntm diverge,

Corollary 14-7 Absolu tely convergent Series are convergent
Proof : Ian a.c.is?,lqylcouuerges,V-nfqanlslaqIan--lxnI,bn--xn ⇒ Eau ami

Un Z bu



Root Test

Thm 14.9 1-et Ê .am be a series
,
let a- limsup# .

Then

( i ) XLI ⇒ ¥
,

on is absolu tely convergent
(ii ) dsl ⇒ Êan diverges

(iii) x-- I does not pro
vide information about the convergence of Êgaa

Profs ( i) dll ⇒ 7
ps >
o s - t - xcpci

limsup MaI -- xcp ⇒ 7 No sup { Faut : n > Nataf
⇒ tt no No Ûlanlcp ⇒ tu > No (adepte

Fix Eso . Since pal , 7N tn> ms N Êmp
,
pk E

Then V-mmsmaxlN.int?m!qnt.Em...pteaE--s tant converges

n.
-

Iii) 7 (nn) st .

tim Hamel = dsl ⇒ 7N tu> N
"

MaI > 1
kt

⇒ tn > N lanupsl ⇒ (an) does not converge to zero ⇒ Ian diverge.
Ma



Ratio Test

hm 14.8 (et ¥
,

on be a series ,
Un (an # o ) .

(i ) limsup Iaa IL 1 ⇒ Zan converges absolu tely
h Y A

Cii ) linminfpaamfl > t ⇒ Ian diverges

(Iii ) liminffaanype.IE/imsupfaaII:notenough information .

Prof [et a- limsup .

Then by Thin 12.2

liminflana.tt/ElimsupFantelimsupIanaI- / .

( i ) Follows from Thin 14.9 lit (
'

Xd )

( ii) follow from Thin 14.9 Iii ) ( x> 1)
'

( iii) Et
,
I #

DU



Exemples

• H x > i Ê¥ converges

Ratio test : Liam .LI - Liam
.

# ⇒ et

⇒ by Thomas Î
,

¥ converges

•

A

• -2¥ converges
° Et diverges

h=p
h > 1

Ratio test : lim a.
n' =L lim ¥ - n =L

non non

Root test :

dix.it#--li:n.q-Ern--tnhm.inFYi:.fn----I



Integral test
. - ¥

"

%÷:÷ü÷÷÷:*" '
"

%
,"

§ .

⇒ (sic) increasing and bounded ¥ .

¥"Êçn converges i i is i, t' I 's à
K

• ton = tn
,

| a

KH

HK tu > / # de = logan )

*ËÎ

¥|

lin! oglktt) - te ⇒ ton diverges É / .

± %" ; "µ
•

.

on
•

• pro : 2¥ , ftp.f-pdxhtaiffp > I i i j i, à j j j j
K



Exemples

. on = -1in > 3
,
[ Ça [ Use tues le login En]hlogn HIS

Root test : "

¢ ÎÆgnÎÆ
µ" { non {has

§a¥dx -_ logbgk-bgbgzflogfloglxstf-og.SI
{ n'→a
+ &

⇒ Înfgn diverges



ttternating Series

Thm 15.3 1-et Lan) be a séquence s.t.tn ( anzo nan > anti) . Then

liman -- o ⇒ Îzft)"
'

an converges and An IÎED"Ûu - È tàafean
h>a

M Kf1

Prof
.

Dénote ZC-Dan-i.sn .

KH

[

•

| ( San)Î , is mcreasing ,
( Sam , )n= ,

is decreasing
Szn - San -e) = Azn- t

- Azh 20
,
52nA - San- t = -Azul Gantt E O

2 Hm
,
ne IIV ( Szm E Sarti )

2.ht 2

Case mtn : Szm E Szn E Szn tf1 ) azur = 52kff

Case man : Szm E 52Mt (f)
""

Azur , = Szmtt C- Szht ) O

By a +Thm 10.2 Ling San Saisi. - lizzani and Sa- Si =L!ç(San - San-D=!içÏzn
⇒ Si -_ Sa =:S Then tn ( San Est Santi ) ⇒ Fn Max { Is-Saul , IS- San, 14f Sana- San

= Clzntl ÇA2h TA



Important example
9. 1-et pso . Then Ê ¥ converges Iff pas

k

PRI
.

De note xn = ¥ ,
si, = ¥

,

xn
. xp xzz - - - zxn

,
(sic ) is increasing .

Consider the séquences : 9=24
,
a, = 2- Xr

,
as --4 - Xu ,

- - -

,
ok -2
"

- Ké- i

b , = ai , bz = 2 - Xu ,
bz > 4. xg ,

- -
-

,
bio -E ! xzk

Then b , EXZE ai
,
bz E Xztxu Eau

,
bz

EXs-txotxztxstazb.pe
EXZK-4 , t

- - - t XZK Eau

and tt k (a) au + EÎ
,

bon E Se ± ai + EÉ
,

oui (b) Ë
,

ton = ÉÎÉ
,

anti

v.
An

| (Sx) converges ⇐ ( sic ) converges (⇒Thm Ils ; ⇐ thm9.lt (Sr ± Sale ) -Ahmad
(allb)

2 (Sic ) converges ⇒ ( An) converges ⇒ 2- an converges

an = I !Xin --2
"

= 2
"-" " ""K¥+12"" )? By t.ES ,

Ian converges

iff état t-pcoepsf.gg
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