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Week 5:

Homework 4 (due Sunday, February 7)

Quiz 3 (Wednesday, February 3) - Lectures 8-9

Today: Series  
> Q&A: February 3

Next: Ross § 15

:



Séquences § I and MI

Thm 12.2 Let (Sn) be a séquence , Un fan # o) .

Then

tirent ! IEIiyj.nffsnteti.ms:p ⇐ liiççplsle
p
:

Proof
. If l --0 , then le p .

Assume that l > 0 .

Taken any Oil , < e.Then by Thm 9. Il ( i ) IN S - t -

inf { 1¥11 : nan } > l , ⇒ tn > N Is poli . . .

Therefore ,
tn > N lsnt-lsnl.YEY.fi#j-- . ,

> lsnteiEEI.li
"

⇒ tn > N
"VIT >t' - e

,
-

"VIII ⇒ infini :nÜÎÎeîf¥
Note that (Û a) is increasing

,
so FK > N Ûzûnzl,

"

VII
Now p

- ¥çÇÆ"¥çHt¥)=h¥çY¥ ei.ie ,

So tt létal) (pali ) ⇒ pis an upper bound for Coil ) ⇒ pzl ,



Séquences § I and MST

Corollary 12.3

If Ling ls l existe
,
and live.IS f- L' then tim =L

h→ *

Example

1-et (an) be a séquence such that then an> 0 .

Suppose that (an ) converges , Lignan -_ a -
Then

limfai-ai-F-a.nu
-

PRI . Dénote sn :< a,
- - - - - an

. Then nliy.lssfft-liy.am -_ a

By Corollaire 12-3 live.MI-a-nli.in
.
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Series

1-et (an)Î
,
be a Sequence

of real members
.

q
For

p.ge TN , pcq we dénote aptaptit
- -

-

tag by Ian
n=p

Def 14.1 ( Infinite Series) We call the expression

A, t Qztqzt
- - - tant - - - = : Z An

h= l

an ( infinite) Series . on is called the n- th term of the series
.

Def 14-2 ( Convergent Series)

We call the sum Sn = Îar the (nth) partial sum of the Series
.

A- I

If the Sequence (Sn) et partial sans converges ,
we soy that

A

the series [ an is convergent
h = I

If ftp.sn-S ,
then we call S the sum of the series Ën ,

and
P

write it as [ au -- s
h= (



Series

H ftp.sn = t - fa)
, we soy that Ê

,

on diverges to total

and we write Îzan = ta (or - a )

We soy that Ê
,

an converges absolutely ( is absolutely convergent)

if the series ¥
,

tant converges

Remark An infinite Series can be viewed as a particulier
type of a Sequence ,

Sn =ai tort . - - + an

so we can use all the relevant results .

For example ,
if tn anzo

,
then Sn is increasing .

Partial sans of Ê
,

tant form an increasing séquence .

Use the Criterion on convergence for partial sans etc .



Important exemples
A

8. 1-et a. re R
.

Then Zar
" is called the géométrie series .

h=o
A

1f trkl
,
then Zorn =

a-

A- o
I - r

k

Proof Dénote S = §.am = cet art - -
- tark-acttri.mx - - trk )

IL
n

Note that rlltrt - - + pk ) = rtrt - - - trktr"'
,
so

(tr) (Hrt - - - tr
"

) = Hrt -
- tr

"
- rlttrt - - - rr

"

) =p- r
" '

⇒ Hrt . - + N' =

⇒ Ak sa-_a¥j . By I.EZ finir
"

-0 ⇒ Lips - ¥
DU

9. 1-et pso . Then În converges Iff pas

Prootfp-D.si. > Ë
,

¥
.

I (Sn) is increasing ( Sra - Sx -_ ¥y > o)
-

z (sic) is bounded sa = ttzttzt - - - t# Elt t --2¥»

|]¥ For any nez ¥n=¥, - f- ,
so Srt Itt#¥# f- - t# - E-Uzi

① +② tthmto - 2 DU



Cauchy criterion
Def 14.3 We soy that an satisfis the Cauchy criterion
if its Sequence of partial sans (Sn) is a Cauchy sequence ,

i. e-

¥ Eso I N tt mn> N I Sn -SMILE

HE > o ZN tt nsm > N l Émail LE

Thm 14.4 Ian converges ⇒ Eau satisfis the Cauchy Criterion

Proie
.

Follow s from Thm 10.11

Corollary 14.5 ( Necessary condition for convergence ) .

Ian converges ⇒ liman = 0
h→ en

Thm 14.4

Prof . [an converges ⇐ HE> O ZN tt nsm> N IÊM#KE (taken- m)
⇒ f- Eso 7N tn > NH ( tank E) ⇐ liman = 0 am



Example
• Ê

,

satisfis the Cauchy criterion

Pro-of.tt KEN ËE ¥ ,
so tn >mal

ÊmÈ±ÊI¥=¥Ë
.

¥ Ë
.

# n'¥

Fix Eso . By I.E. 2 7N Hms N ( En CE) There for

tt nsm> N Être # CE ⇒ Ê
,

satisfis the

Cauchy criterion
In particulier , Ling. ÷

-
- o

na )

• If Irlzl
,
then the séquence (r

" ) does not converge to Ops)
a

⇒ [ r
" does not converge

n=o

• Considére tn : luiççon -0 ,
but the series diverges ( Ls )



Camparison test

Thm 14.6 1-et (an ) and Ibn ) be two séquence ,
tn an >o

Then
ci ) ( an converges a Un ( Ibn l ± an)) ⇒ Ê

,

ba converges

Cii ) ( au = to a Vu ( ba > an )) ⇒ Ê ,

ton = ta

Prof (i ) Use the Cauchy criterion [Hoo 7N tt noms N IÊ!HE]
IÊM!uÎË"' Ëm! bit ± Êm? "

Fix Eso
. By Thin 14.4 7N tt n> ms N Î aie LE

.

Then
k= ont l

tn sms N t.IT?zIq?IquLE.ByThmlu.un?Ibn converges

Iii ) Dénote Sn = Êax ,
tn -- È

,

ba
.

Then tn (tu 7- Sn )
A

Ian = xp ⇒ lniç.sn -- t - ⇒ Ligoter -- to ⇒ Êbu =ta
n=p DU


