
MATH 142A: Introduction to Analysis
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Week 5:

Homework 4 (due Sunday, February 7)

Quiz 3 (Wednesday, February 3) - Lectures 8-9

Midterm 1 regardes (Monday, February 1 - Tuesday, February 2)

Homework 2 regardes (Monday, February 1 - Tuesday, February 2)

Today: Subsequential limits  
> Q&A: February 1

Next: Ross § 14
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Subséquent ial limites

Def II. l Let (Sn) be a sequence
of real members and Iet

le n , chz L - _
. chut - - be an increasing Sequence of natural members .

Then ( Snu)Î , = (Sn , isnz , Snz , _. . ) is called a subSequence of Gn)nÎ .
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Def 11.6 1-et (Sn ) be a Sequence in R . A subséquential limit

is any
real member or symbol to or - o that is the limit

of some sub sequence of (Sn)

Example an - ft )
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, f1,1 , -1,1 ,
. . . ) ftp.ask - t = - t , liççezk = 1

Example . ton = Î
"! ( E ii. ¥ iz" .

. . . ) Lingbah = !içi. ¥ =
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Subséquential limit and liminfltimsup
Thm Il -7

_
et Csn ) be a séquence . Then there exist

( i ) a monotonie subsequence of Csn ) that converges to limsupsn

(ii ) a monotonie subsequence of (Sn ) that converges to liminfsn

7¥
.

If (Sn ) is not bounded above
,
then limsupsn = ta . And by

Thin 11.2 Cii ) there exista subséquence of Gn ) that diverges to to .

Suppose Csn) is bounded aboie
, limsupsn = te IR

had

By Thm 11.2 Ci ) there exists a monotonie subsequence of Csn) that

converges to t iff HE> o the set { n : Isa- TICE } is infinite . Fix Eso .

limsupsn -
- t ⇒ 7 N tt k> N super : ns kf2 tte ⇒ tn > Nt1 (Snc tte)

non

Suppose that {n : t
- E < suette ) is finit . Then 7N ,

>

NS.t.V-n
> N , ( set-E) ⇒ sup { su : non , je t -E ⇒ limsupsn a- t - ce

n→ a

Bee contradiction



Subséquentat limit and convergence
Thm Il -8 . Let (Sn ) be a séquence . Dénote by S the set of

all subséquentat limit of ( Sn) . Then

ci ) S is nonempty ( follow s Thmll -7)

(ii ) sups = limsupsn ,
infs = iiminfsn

Ciii ) limsn existes iff S has orly one element ,
5--4 limsn }
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(iii) follows from Cii ) and Thm 10.7 ( limsn-t-elimsupsu-limiufsn.tt

4) Suppose tes ⇐ I-subsequeucelsnejs.t.hn#ne--t
Then by Thin 10.7 liyyinfsne - liyysupsnuet
Note that tt k (ne> K ) ,

therefore.VN { Sn : n > N 404Snr : K >N}

and H N inf { Sn : n> NIE inf { Sne :b>Me suptsmi-ksnttsuptsui.MN }

N "'
ami!§s. Ï limitnfsnu-t-limtsupsm-E-ttlig%ffLY.gg
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Exemples
For each séquence belowlet S dénote the set of subséquente limit .

n

• An e- ft ) ,
\ 5=4-41 }

limage , = - t
,

"

limazr =/ ⇒ f- tilles
Kde K →a

1f t # f-ai }
,

then V-nc-N-lsn-ttzminllt-il.tt -A) Il > o - tes

⇒ Scf - til )
Z limsupan =L liminfan = - I
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• bn = 2

/ 5={0,1-0}

III.bzr-i-0.li?.bzx-- te ⇒ {o.to) CS

H TER
,
# 0

,
then 7N , Ak > µ , bzwctzttnstmaHM.tk)

7- Nrttk> Na baie > ++ 1)⇒lbn-tlsmintf.ly/ozlimsupbn--to,limiufbu=oSc {octo }



The set of subséquential limit is closed

hm II. 9 Let (Sn ) be a séquence . Dénote by S the set of

all subséquentat limit of ( Sn) . Then

1-et (tn) be a séquence in SMR
,
i. e.HN/tneSnlR).Xn--zt-n,VhXnt(0il).lihnXn--o

1f fn) has a limit , then limtn c- S
.
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. Suppose ¥ç tn -- tek .

Then

Thm II. 2

tes ⇒ 3- subséquence of Csa ) that converges
tot ⇐ HE>o{ ne # : Isa-Hcg

infinite

Fix Eso . Then I no s.t.t-ELtu.ch-E

Since ttc - tn
.
> 0

,
tn
.

- (t -E) so
t -E tte

O: - min { tte - tn. , tu.- ( t
- E) Iso and ( tn . -Si tu

.to/cCt-E.ttE)Thmll.ztn.eS(subsequeatiallimit ) ⇒ { ns.lsn-tn.lcolisinfinile-slnilsn-tlaes
is infinite ma



limsup 's and liminfis

Thm 12.1 Let (Sn ) and (tn ) be two séquences . Then

( Csn ) converges nlniçsns >a) ⇒ limsuplsn.tn )=s - limsuptn
Convention : For any se IR , s > 0

,
S - (to) - toi

,
s - C-a) = - a.
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| : limsupfsntn) as - t ( Orly for limsuptn-tc.IR )

thm.az ⇒ 7µm.) such that him!" -t - IÎÎ
? "

pimcsn.tn. ) est
Thm II.3 ⇒ tim Snr = S

.

Koo
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Thur II.8

⇒ set is a subséquente limit forent# limsupcsnta ) > set

Z : limsupfsntn) Est Conty for sa> o tn ) . Thomas ⇒ Liang £ = st >O
'

Then t-limsuptn-limsupisnlsvitnlsslimsupfsn.tn ) ⇒
\ 2 stzlimsuplsntn )
⇒ liursup (sntul-limsupltnl.sn



Remar!

If (Sn) and Ita ) are two séquences ,
and laiq.sn - o ,

then

there is notting we can soy in general about limsupcsntn ) .

• Sn = tn ,
tu = n ⇒ limsup fin = 1

• Sn = ¥
,
tu -- n ⇒

limsuph-z-n-0.sn
= f- ,

tu = n' ⇒ limsup f. n' = to

Also it is important that one séquence converges .

• Sn = (O ,
1
,
0

,
1
,
0

, 1
,
. . ) limsupsn = l

but V-nsn.tn⇒
tu = ( le 0 , 1

, 0 , 1
,
0

,
. .

. ) limsup tu =L
Zhtl

.sn -- fi)
"

,
tu )

""

limsupsu-limsuptn-libutfnsn.tn -E) = - t


