
Math 281C Homework 7

Due: June 8, 5 pm

1. Define
rS(λ,µ) = E[softλ(y) − µ]

2,

where y ∼ N (µ,1). Show that

(a) µ→ rS(λ,µ) is increasing on [0,∞);

(b) For all λ > 0, we have

rS(λ,0) ≤

√
2

π

1

λ
e−λ

2
/2;

(c) When µ approaches ±∞,
lim
µ→∞

rS(λ,µ) = 1 + λ2,

and
sup
µ∈R

rS(λ,µ) = 1 + λ2.

2. Consider the model
Y = θ + σε,

where ε ∈ Rn consists of independent mean-zero 1-sub-Gaussian components, and assume θ is k-sparse:

∣∣θ∣∣0 = card{j ∈ [n] ∶ θj ≠ 0} ≤ k.

In this question, we investigate the soft-thresholding estimator

θ̂ ∶= argmin
θ

1

2
∣∣θ − Y ∣∣

2
2 + λ∣∣θ∣∣1.

(a) Show that if λ ≥ σ∣∣ε∣∣∞, then
∣∣θ̂ − θ∣∣22 ≤ 4kλ2;

(b) Show that if

λ = 2
√
σ2 log(2n),

then with probability at least 1 − 1/(2n),

∣∣θ̂ − θ∣∣22 ≤ 16kσ2 log(2n).


