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Markov chains
Infinitesimal specification of a Markov chain:

P{X(t+ At) — X(t) = G } = Bu(X (1) At
Generator:

Af(x) = Bil)(f(z+G) — f(x))
k
(For simplicity assume only finitely many possible jumps (;.)
X(t) = X(0) + 3 Bilt)Gr,
k

R}, a counting process counting the times X takes jump (.

PLR(t + At) = Ry(t) = 1F7} &~ B(X (1)) At.

For independent unit Poisson processes Y}, we should have

X(0) = x0) + Y i [ (X (9))ds)G
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Chemical networks

Modeling counts of individual chemical species: X (¢) will be the vec-
tor whose components give the numbers of molecules of each chem-
ical species.

For a binary reaction S; + Sy — Sz or S; + Sy — S3+ 54

0 1 —1 —1
0 1 —1 —1
Me(T) = Kpx129 (= V—1p = o | 1 or 1
0 0 0 1

where v, is the vector giving the numbers of molecules consumed
and v, gives the numbers produced. For S; — S; or S1 — S2 + S5,

A\e(2) = Ky
For 251 — SQ,

W=t 6= ()
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Enzyme reaction
A+E=AF —~F+B

XE(t) = XE(O)—Yi(/O HlXA(S)XE(S)dS)+Yé(H2/() XAE(S)dS)
+Y},(/€3 /Ot XAE(S)dS)

t t
XA(t) = XA(O) - Yi(/ HlXA(S)XE(S)dS) + }/2(1‘4/2/ XAE(S)dS)
0 0
The remainder of the system is determined by
XAE(t) = M—XE(t) XB(t) = XB(O)+XA(O)+XAE(O)—XA(t)—XAE(t)

Generator: (; = ( :1 )'@: ( 1 ),ng (2))

Af(x) = mzarp(f(r + Q) — f(2) + k(M — zp)(f(z + &) — f(2))
+r3(M —zp)(f(x+ () — f(2))

O First ®Prev ®Next ®Go To ®Go Back ®Full Screen ®Close ®Quit 4




Multiscale models Kang and Kurtz (2013)

Fix Ny >> 1. For each species 7, define the normalized abundances (or
simply, the abundances) by

Zi(t) = Ny “ X,(t),

where a; > 0 should be selected so that Z; = O(1). Note that the
abundance may be the species number (o; = 0) or the species con-
centration or something else.

The rate constants may also vary over several orders of magnitude
s0 scale the rate constants x|, = 1, NJ* so that r;, = O(1).

Then

o Noﬁk'i‘oq‘f'aj

/ / Br+2a; —y
RLTiT; = KEkZiZj kpti(r; — 1) = N| kezi(zi — Ny )

KpT; = /ikNB’“JrO” 2

Note that the exponent on Ny is p, = 8i + o - 1.
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A parameterized family of models

Then, noting that vy, - o = ), v,
Zi(t —i—ZNO “Yi( / N”B”’/’“O‘ (Z(s))ds) (Vi) — vir,).
Let
t
200 = Z0) + TNVl [ NN ) ) 0 ).
0

Then the “true” model is Z = ZMo,
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Time-scale parameter Kang and Kurtz (2013)
Let
Z¥0) = 7V N)
= Z(0)+ N‘“in«:(/ot NTHIACA(ZN(5)) ds) G
k
Equation is “balanced” if
max{f + vk -« : (> 0} = max{f; + v - a: G <0}

If the equation is not balanced then we need
Y+ Bkt vk a< (1)
for all i and £ such that (;; # 0.

The time-scale of species i: v; = a; — max{f; + v -« : G # 0}
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Example: Model of a viral infection

Srivastava, You, Summers, and Yin (2002), Haseltine and Rawlings
(2002), Ball, Kurtz, Popovic, and Rempala (2006)

Three time-varying species, the viral template, the viral genome, and
the viral structural protein (indexed, 1, 2, 3 respectively).

The model involves six reactions,

=

St + stuff S1+ 5

m\

S, g,
Sy +stuff 4 S, 4 Sy

S Mg

Sy g

S+ Sy g,
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Stochastic system

X1(t) = X1(0) + Yg(/o Ko Xo(s)ds) — Y4(/O Ky X1(s)ds)

Xo(t) = X5(0) + Y1(/0 k1 X1(s)ds) — Yg(/o KoXo(8)ds)
i / Kl

X3(t) = X3(0) + Y},(/O k3 X1(s)ds) — Y5(/O ks X3(s)ds)

—Y};(/O ke X2(s)X3(s)ds)

K 1 Ky 0.25
k5 0.025 K 2
K, 1000 KL 7.5 %1070
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Figure 1: Simulation (Haseltine and Rawlings 2002)
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Balance equations for the viral model

t t
ZY(t) = Z1(0) + N™*Yy( /O Ko NP2Te2 7N (5)ds) — N™*1Y( /O g NPT 7N () ds)

t t
ZN(t) = Z5(0) + N72Y( /O NPT ZN (5)ds) — N=o2Y5( /0 Ko NP2Te2 7N (5)ds)

t
_N—eryy( / e No2+0 7N () 7 ()
0

t t
ZN0) = Z(0) + N-¥s( /O g NP1 2N () ds) — N-05Y;( /O 15 N3 7 () ds)

—N—

Pa + o
B+ aq
Bs + o

t
GYy( | rgNPota2tas zN() ZN(s)ds
; 2 3

= b+
= (Be+a2) V(B + s+ a3)
= (Bs+a3) V(B +az+az)

Ps > Ps > 1> s> 2> B

An example

Pa + o
B+ aq
Bs + o
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= b+
= (Be+a2) V(B + s+ a3)
= (Bs+a3) V(B +az+as)

B3> Bs > 1> B> B2 > B

A
P
B
Ba
Ps
B

0 (051 0
1 (03] 1
0 1 0
0 V2 %
-3 v 0
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Scaling parameters Ball, Kurtz, Popovic, and Rempala (2006)

Each X; is scaled according to its abundance in the system.

For Ny = 1000, X; = O(NY), X5 = O(Ng/g), and X3 = O(Ny) and we
take 71 = X1, Zo = X,N, 2%, and Z; = X3N; .

Expressing the rate constants in terms of Ny = 1000

K 1 1

K 0.025 25N, %
K 1000 N

K, 0.25 25

K 2 2

Kl 7.5 % 1076 5N, ®
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Normalized system

With the scaled rate constants and abundances, we have
t t
ZN) = ZN(0) + Y2(/ 2.575 (s)ds) — n(/ 2571 (s)ds)
0 0

2w = 20+ N[ 756 - Nl [ 257 ()
—N~23y( / t 7528 (5) 23 (s)ds)

20 = 20 + NVl [ N6y - N [ N ()

N[ T2 () (5)a9)
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Limiting system for v = 0
Passing to the limit, we have

Zi(t) = Z1(0) + Yg(/t2.5Z2(s)ds) — Yﬁ(/t 2571(s)ds)
Zy(t) = Zy(0)

Zs3(t) = Z3(0) +/t Zy(s)ds — /t 275(s)ds
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Fast time-scale
Define Z"(t) = ZN(Nt). For v = 2,

t t
ZN(t) = Z1(0) + Yy /0 2.5N2BZN7(s)ds) — Ya( /0 25N?3 72N (5)ds)

t
ZYNt) = Za(0) + N2y ( / NP7 (s)ds)

t
— N8y, /0 2.5N2/3 27 (s)ds)

t
N2y (N3 /O 525 (5) 23 (5)ds)

t t
Z3(t) = Z3(0) + N71Yy( /0 N°BZNY(s)ds) — N71Ys( /0 AN/ Z37 (5)ds)

t
Ny /0 TENBZNY () 2 (5)ds)

@ First ®Prev ®Next ®Go To ®Go Back ®Full Screen ®Close ®Quit 16




Averaging

As N — oo, dividing the equations for Z;'"" and Z;"" by N?/3 shows
that

t t
/ Z(s)ds — 10/ ZY(s)ds — 0
0 0
t t
/ Z37(s)ds — 5/ ZX7(s)ds — 0.
0 0
The assertion for Z; " and the fact that Z,'” is asymptotically regular

imply

t t
/ Zy " (8) 2y (s)ds — 5/ Z27(s)2ds — 0.
0 0

It follows that Zév "’ converges to the solution of (2).
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Law of large numbers

Theorem 1 Let v = % Foreach 6 > 0andt > 0,

lim P{sup |Z,"(s) — Z5°"(s)| > 6} =0,

N—o00 0<s<t

where Z, " is the solution of

Z3(t) = Zy(0) + /Ot 7.57,°7(s)ds) — /0t3.75Z§°’7(s)2ds. (2)
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Martingale approach to averaging Kurtz (1992)
Kang and Kurtz (2013)

Let e be the vector in Z3 with kth component 1 and other compo-
nents zero. For v = 2/3, the generator is

ANf(2) = N*P2y(f(z + N7%eg) — f(2))
—|—2.5N2/322<f(2 +e — N_2/362) — f(z)) + N5/321(f(2 + N_1€3) - f(z))
+.25N?32 (f(z —e1) — f(2)) + 2N*B23(f (2 — N7tes) — f(2))
—|—.75N2/3z223(f(z — N les — N_2/3€2> — f(2))

If f depends only on 25, then
]\;1_1()%0 AN f(2) = (21 — 2529 — .T52923) f'(22).
If f depends only on z; and z3, then
J\lfl_rgo N72BANF(2) = 2520(f(21 4+ 1, 23) — f(21, 23))

+.2521(f (21 — 1, 23) — f(21, 23))
+(21 — 223)0., f (21, 23)
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Limiting martingale

F(Z3 (1) —/0 (21 (s) = 252y (s) — 752 (5) 2 (5))f' (23 (5))ds + en(t)

_ RN ) - / (1 — 2522 (s) — 752N (5)2) £ (ZY (s))TV (ds, 21, dis) + ex(t
[0,¢] x[0,00)2
= H(Zo(t)) — / / (21 — 2.575(5) — T5Z(5)2) f'(Zo(s))Ta(dz1, dzs)ds
0 J[0,00)2
Need to check relative compactness of {T'V}.

Exercise: Bound the expectations of Z{, ZY ZY by taking expec-
tations of the stochastic equations and throwing away the nonliner
terms.

Need to identify the limit 'V = T..
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Identification of I

For a function of 21, 2o

N 0.2 0) ~ [ N )
0

%/[0 1%[0,00)2 {2‘52’?{(5)(]((/21 +1,23) — f(21,23))
o +.2521(f (21 — 1, 23) — f(21, 23))
+(z1 — 223)0., f (21, 2’3)] 'V (ds, dz, dz3)
_ /0 /[O B 2525(5)(F(21 + 1, 25) — f(21, )

+.2521(f(21 — 1, 23) — f(21,23))
+(z1 — 223)0., f (21, Zg)] [s(dz1, dz3)ds

A martingale that is continuous and finite variation is a constant.
Consequently, the last expression is zero.
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['s is a “stationary distribution”
Almost surely, for almost every s

/[0700)2 [2'5Z2(3)(f(2’1 +1,23) — f(21, 23))

+.2521(f (21 — 1, 23) — f(21,23))
-|—(Zl — 223)8z3f(21, 23)} Fs(dzl, dZ3) =0
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Approximate models

We have a family of models indexed by N for which N = N, gives
the “correct” model.

Other values of N and any limits as N — oo (perhaps with a change
of time-scale) give approximate models. The challenge is to select the
a;, but once that is done, the initial condition for index N is give by

ZY(0) = N, “X,(0),
where the X;(0) are the initial species numbers in the correct model.
If limy 0o ZN (-N7) = Z7°7, then we should have
X(t) ~ N Z(EN; ).
For example, in the virus model

Xo(t) = (1000)%3 Z5°7 (£(1000)~%/3)
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Enzyme reaction (cf. Darden (1982))

Basic assumption: A small number of enzymes interacts with a large
number O(N) of substrate molecules.

A+FEF=AF —~F+ B

Xg(t) = Xg((0)— Yl(/O r1XA(s)Xp(s)ds) —i—YQ(F;g/O Xap(s)ds)
Vil /O Xap(s)ds)
Xa(t) = Xa(0) — Yl(/o k1 Xa(8)XE(s)ds)

+Y2(/£2/0 Xagr(s)ds)
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Scaled model

Assume that production and dissociation reactions are fast, and the
substrate is present in large numbers. Z§) = N1 X%,

XE®) = X50) =iV [ Z2 X 6)ds) + Vol [ X))
+Y3(Nk3 /0 t X(s)ds)

240 = 20 - N [z X0
NN [ X200

m = XN (t) + X1(t) does not depend on t.
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Averaging by the equation
Dividing the first equation by /N and taking the limit
N7'XN(t) = N'Xgp(0) - N'vi (v /O t k1 Z (5) XN (s)ds)
NV [ X))
NN (Ve [ X))

¢
0 = lim (—mZiv(s)Xg(s) + /ngiVE(s) + /igXiVE(s))ds

N—o0 0
and
{ t t
: N T VN _ m(ks + K3)
]\}gréo/o XE (S)dS o ]\175%0 0 (m XAE(S))dS a /0 leA(S) + K9 + /€3d8.
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Michaelis-Menten equation

Z¥(1) = ZY(0) - N 'Yi(N / 123 (5) XN (5)ds)

t
+N 1Yy (Nky / X¥o(s)ds)
0

which converges to

B B tK; . m(lﬁg + 1‘13)
ZA(t) = ZA(O) /0 1ZA( )/ﬂZA(S) + Ko + K3

t mk1Z4(s)
+kK ds
’ /o K1ZA(8) + Ko + K3

= Z4(0) — /t mr1rsZ4(5) ds
0 K124(8) + Ko + K3

ds
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Gaussian limit Kang, Kurtz, and Popovic (2014)

Call the limiting quadratic variation |, 0*(Z4(s))ds.
t
/ 0*(Za(s))ds
0

- / ((h(Za(5)) = 1) (52 + #5) + (h(Za(9)) + 1)z + h(Za(s)) rs)

y mk1Z4(s)
K1ZA(8) + Ko + K3

Then
UN() = VN(ZY () - Z(1))

converges to the solution of

mrk3(Ke + K3)

(2 + s + aZa(s) P )%

U(t) = U(0) + W( /0 2(Za(5))ds) — /0
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Diffusion approximation

Rationale: Find a sequence of diffusion processes DY such that
VN(DY = Z4) = U.

So

— L tO' NS S) — t
D%(t)—zﬁwwmjo (DY ())dW (s) /

mrk1 k3 DY (5)

ds
K9 + K3 + /ilD%(S)
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Heat shock model

The following reaction network is a given as a model for the heat
shock response in E. Coli by Srivastava, Peterson, and Bentley (2001).
The analysis is from Kang (2012).

Reaction Intensity Reaction Intensity
0 — Sg 4.00 x 10° Se + S5 — Sy | 3.62 x 1074X56X58
52 — Sg 7.00 x 10_1X52 Sg — 0 9.99 x 10_5X5'8
S3 — Ss 1.30 x 10_1XS3 S9 — Sg + Sg 4.40 x 10_5X59
0 — S 7.00 x 10_3Xgl 0 — St 1.40 x 107
stuff + S3 — S5 + S 6.30 x 10_3X53 ST — 0 1.40 x 10_6X51
stuff + S3 — S, + Sy 4.88 x 10_3X53 S7 — S 1.42 x 10_6XS4XS7
stuff + S3 — Sg + 59 4.88 % 10_3X53 S5 — 0 1.80 x 10_8X55
S7 — So + Sg 4.40 x 1074XS7 Se¢ — 0 6.40 x 10710X56
Sy 4+ Sg — S7 3.62 x 1074X52X56 Sy — 0 7.40 x 10711X5'4

®First ®Prev ®Next ® Go To ® Go Back ®Full Screen ®Close ®Quit 30




References

David FE. Anderson and Thomas G. Kurtz. Stochastic analysis of biochemical systems, volume 1 of Mathematical
Biosciences Institute Lecture Series. Stochastics in Biological Systems. Springer, Cham; MBI Mathematical Bio-
sciences Institute, Ohio State University, Columbus, OH, 2015. ISBN 978-3-319-16894-4; 978-3-319-16895-1.

Karen Ball, Thomas G. Kurtz, Lea Popovic, and Greg Rempala. Asymptotic analysis of multiscale approxima-
tions to reaction networks. Ann. Appl. Probab., 16(4):1925-1961, 2006. ISSN 1050-5164.

Thomas A. Darden. Enzyme kinetics: stochastic vs. deterministic models. In Instabilities, bifurcations, and
fluctuations in chemical systems (Austin, Tex., 1980), pages 248-272. Univ. Texas Press, Austin, TX, 1982.

Eric L. Haseltine and James B. Rawlings. Approximate simulation of coupled fast and slow reactions for
stochastic chemical kinetics. J. Chem. Phys., 117(15):6959-6969, 2002.

Hye-Won Kang. A multiscale approximation in a heat shock response model of e. coli. BMC Systems Biology,
6(1):1-22, 2012. ISSN 1752-0509. doi: 10.1186/1752-0509-6-143. URL http://dx.doi.org/10.1186/
1752-0509-6-143.

Hye-Won Kang and Thomas G. Kurtz. Separation of time-scales and model reduction for stochastic reaction
networks. Ann. Appl. Probab., 23(2):529-583, 2013. ISSN 1050-5164. doi: 10.1214/12-AAP841. URL http:
//dx.doi.org/10.1214/12-AAP841.

Hye-Won Kang, Thomas G. Kurtz, and Lea Popovic. Central limit theorems and diffusion approximations for
multiscale Markov chain models. Ann. Appl. Probab., 24(2):721-759, 2014. ISSN 1050-5164. doi: 10.1214/
13-AAP934. URL http://dx.doi.org/10.1214/13-AAP934.

Thomas G. Kurtz. Averaging for martingale problems and stochastic approximation. In Applied stochastic
analysis (New Brunswick, NJ, 1991), volume 177 of Lecture Notes in Control and Inform. Sci., pages 186-209.
Springer, Berlin, 1992.

oFirst ePrev eNext eGo To eGo Back eFull Screen eClose eQuit 50

R. Srivastava, M. S. Peterson, and W. E. Bentley. Stochastic kinetic analysis of escherichia coli stress circuit
using sigma(32)-targeted antisense. Biotechnol. Bioeng., 75:120-129, 2001.

R. Srivastava, L. You, J. Summers, and J. Yin. Stochastic vs. deterministic modeling of intracellular viral
kinetics. J. Theoret. Biol., 218(3):309-321, 2002. ISSN 0022-5193.

o First ePrev eNext eGo To e(Go Back eFull Screen eClose eQuit 51




