On the Upper Bound Lemma - A Brief Presentation by Martin Hildebrand

The Upper Bound Lemma of Diaconis and Shahshahani states that if P is a probability
on a finite group G and U is the uniform probability on G, then

1P~ U < S d,Tr(P(o)Plo)")

where the sum is over all non-trivial irreducible representations p of G up to equivalence
and P(p)* is the conjugate transpose of the Fourier transform P(p). At first glance, this
lemma might not appear to be particularly helpful. However, there are some places where
it is quite useful, and I used it considerably in some of my earlier work.

If the group is abelian, then the degree of each irreducible representation is 1. This
fact not only can be helpful for analyzing random walks on such groups but also can be

be useful for studying random processes of the form
Xnt1=anXn + b, (mod p)

where Xy = 0. This is an extension of a random process described in Ron Graham'’s
talk. To analyze such random processes, I developed a recurrence relation for the Fourier
transform of X,,.

For non-abelian groups, if P is constant on conjugacy classes, then 15(,0) is a constant
times the identity, and the constant can be expressed in terms of the characters of the
representation and the degree of the representation. If P*" is the probability distribution
after m steps of a random walk starting at the identity element (where P = P*!), then
ﬁl(p) = (p(p))m is relatively easy to compute. This property was used by Diaconis
and Shahshahani to study a random walk on the symmetric group where at each step one
performs a random transposition (or with a certain probability leaves the permutation
alone). I also used this property to study a random walk on SL,,(F,) where Fj is a finite
field with ¢ elements; at each step one multiplies by a random transvection (a matrix which
fixes a hyperplane in F"). I actually used representation theory of GL,(F,) and studied
a related random process on GL,(F,) with the same variation distance as the random

transvection problem on SL,(Fy). First I did the case where F is the integers mod 2;
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there GL,(F,) and SL,(F,) are identical, but I extended the results to other Fj with
an argument that deals with the various determinants of the matrices in GL,(Fy). The
random transvections problem has a sharp cut-off phenomenon. After n + ¢ steps where
¢ is a positive constant, the random walk is close to uniformly distributed in variation
distance while after n — ¢ steps, the random walk is far from uniformly distributed.

In his Ph.D. thesis, Carl Dou developed a variation of the Upper Bound Lemma which
is useful in studying “random random walks” on finite groups. A number of other works
have examined random random walks; some use the Upper Bound Lemma while others
use other techniques. A Ph.D. student I'm supervising is working on extending Dou’s
results. A survey I've authored on random random walks has recently appeared in the new

electronic journal Probability Surveys.
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