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4.7 American Call Option

Consider an American call option with payoff process Y given by

Yt = (St − K)+, t ∈ [0, T ].

Note that by the Cauchy-Schwarz inequality and Doob’s L2-martingale inequal-
ity,
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From the previous section, we know that the initial arbitrage free price is given
by

U0 = ess supτ∈T[0,T ]
EP∗

[Y ∗
τ ] , (4.88)

= ess supτ∈T[0,T ]
EP∗ [

e−rτ (Sτ − K)+
]
. (4.89)

By part (ii) of Theorem 4.6.1, the essential supremum in the above expression
is achieved by τ∗ = τ0 = inf{t ∈ [0, T ] : U∗

t = Y ∗
t }. In general, neither U0

nor τ∗ is easy to compute. However, in the special case of the American call
option, we will exploit the convexity and increasing property of the function
g(x) = (x − K)+, x ≥ 0, to show that the initial arbitrage free price for an
American call option is the same as that for the European call option with the
same strike price and expiration time. One can also show that a buyer of the
American call option who does not cash it in until the expiration time T will
not create an arbitrage opportunity for the seller of the option. We leave this
as an exercise for the reader.

We begin by deriving a stochastic integral equation for the discounted payoff
process Y ∗. Now, P ∗-a.s., S satisfies the equation

St = S0 +
∫ t

0

rSsds + σ

∫ t

0

SsdW̃s, t ∈ [0, T ]. (4.90)

By the Itô-Tanaka formula (cf. Theorem VI.1.5 of Revuz-Yor [15]), P ∗-a.s.,

Yt = g(St) = g(S0) +
∫ t

0

1{Ss>K}dSs +
1
2
Lt, t ∈ [0, T ], (4.91)
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where L = {Lt, t ∈ [0, T ]} is the local time at K of the stock price process S.
This local time is a continuous, non-decreasing, adapted process that measures
the amount of time (in units of the quadratic variation of S) that S spends near
K. Indeed, P ∗-a.s.,

Lt = lim
ε→0

1
2ε

∫ t

0

1(K−ε,K+ε)(Ss)d[S]s, for each t ∈ [0, T ], (4.92)

where d[S]s = σ2S2
sds. (The Itô-Tanaka formula is a generalization of Itô’s

formula from twice continuously differentiable functions to convex functions of
continuous semimartingales. It can be derived by passing to a limit in Itô’s
formula applied to a sequence of smooth functions {gn} that approximate g in
a suitable manner. The term in Itô’s formula containing the first derivative
of such a function converges to the second term on the right side of (4.91).
The term in Ito’s formula containing the second derivative of such a function
converges to the local time term in (4.91). See Chapter VI of [15] for details.)

Then, since Y ∗
t = e−rtg(St), t ∈ [0, T ], we have P ∗-a.s.,
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Notice that by the definition of g, we have 1{Ss>K}rSs − rg(Ss) = 1{Ss>K}rK
for all s ∈ [0, T ]. Thus, P ∗-a.s., for t ∈ [0, T ],
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The first integral above defines a continuous local martingale and the final
two terms define continuous, adapted, non-decreasing processes. Thus Y ∗ =
{Y ∗

t ,Ft, t ∈ [0, T ]} is a continuous local submartingale. However, since Y ∗
t is

dominated by the P ∗-integrable random variable supt∈[0,T ] Yt for each t ∈ [0, T ],
Y ∗ is in fact a submartingale. Therefore, by Doob’s stopping theorem for con-
tinuous submartingales, for each τ ∈ T[0,T ],
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This together with (4.88) gives
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EP∗

[Y ∗
τ ] ≤ EP∗

[Y ∗
T ] .



74 CHAPTER 4. BLACK-SCHOLES MODEL

But notice that τ ≡ T is an element of T[0,T ] and so by (4.88),

U0 ≥ EP∗
[Y ∗

T ] .

It follows that the initial arbitrage free price for the American call option with
strike price K and expiration time T is given by

U0 = EP∗
[Y ∗

T ] = e−rT EP∗ [
(ST − K)+

]
,

which is the same as the initial arbitrage free price of the European call option
with the same strike price and expiration time.


