Chapter 3

Finite Market Model

The binomial model considered in the previous chapter is an example of a finite
market model. In that example, we saw that the existence of both a risk neutral
probability and a replicating strategy played a key role in justifying the unique
arbitrage free price for any European contingent claim. In this chapter, we
extend that idea to the pricing of European contingent claims in a general
finite market model. We first characterize those finite market models in which
there is a risk neutral probability and in which all European contingent claims
can be replicated. Indeed, we will prove the first fundamental theorem of asset
pricing which shows the equivalence of the absence of arbitrage in a finite market
model to the existence of a risk neutral probability, and we will prove the second
fundamental theorem of asset pricing which shows that all European contingent
claims in a finite market model without arbitrage can be replicated if and only
if there is a unique risk neutral probability. Finally, assuming there is such a
unique risk neutral probability, we show that there is a unique arbitrage free
price for every European contingent claim. These results date back to the 1979
seminal paper of Harrison and Kreps [7]. In the binomial model, there is a
unique risk neutral probability and hence, as shown concretely in the previous
chapter, there is a unique arbitrage free price for every European contingent
claim.

3.1 Definition of the Finite Market Model

Throughout this chapter we will be working within the framework of the follow-
ing discrete time, finite state, market model. For short we will call this a finite
market model.

Let (2, F, P) be a probability space where €2 is a finite set of possible outcomes,
F is the o-algebra consisting of all subsets of 2 and P is a probability measure
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30 CHAPTER 3. FINITE MARKET MODEL

on (2, F) such that P({w}) > 0 for all w € Q. Expectations under P will be
written simply as E. Whenever another probability is to be used, this will be
explicitly indicated in the notation.

We assume that there are finitely many times ¢t = 0,1,...,7 — 1 (T < o) at
which trading can occur, and d + 1 assets, a riskless security called a bond and
d risky securities called stocks.

A o-algebra F; C F describes the information available to an investor at time
t. Tt is assumed that Fo = {0,Q}, Fo C F1 C ... C Fr and Fr = F. The
collection {F;,t =0,1,...,T} is called a filtration.

The bond (asset labelled 0) is assumed to have price process S* = {SP,t =
0,1,...,T}, where SY denotes the price of the bond at time t. We assume that
for each t, S0 > 0 and SY is deterministic, i.e., SY € Fy. For example, if the
bond has an interest rate of r > 0 per unit of time, then SY = (1 + r)? for all
t. The bond is considered to be a “numeraire”, i.e., it tells us what a dollar at
time 0 is worth (due, amongst other things, to the effects of inflation) at time ¢.

The d stocks are assumed to have price processes S',...,S?% where S} is the
price of the i*" stock at time t. It is assumed that S! € F; fori = 1,...,d and
t=0,1,...,T. Note that since (2 is finite, S; = (SY,S},...,8%),t=0,1,...,T,
can take on at most finitely many values. It follows that in the development
below, all of the expectations we write will be automatically finite.

A trading strategy (in the finite market model) is a collection of (d+1)-dimensional
vectors indexed by t =1,...,T":

o={¢,t=1,...,T}, (3.1)
where for each t € {1,...,T}, ¢y = (), ¢1,...,6%) is such that ¢! is a real-
valued F;_j-measurable random variable for i = 0,1,...,d. We regard ¢! as

representing the number of “shares” of asset ¢ to be held over the time interval
(t — 1,t]. In particular, ¢? denotes the number of bonds to be held over this
interval and ¢! denotes the number of shares of stock i to be held over the
interval, i = 1,...,d. A positive value for ¢! indicates that one buys that
number of shares of asset 4, at a price of S{_; per share, and holds them over
the interval (¢t —1,¢]. A negative value for ¢! indicates that asset i will be “sold
short”. For example, if ¢! = —1, one is effectively borrowing the value S?_; of
asset ¢ at time ¢ — 1 with the understanding that the cost to repay this loan at
time ¢ is the value of one share of asset i at time ¢, i.e., Si. We will restrict
attention to self-financing trading strategies, namely, those trading strategies ¢
such that the investor’s initial wealth Wy is given by

Wo = ¢1 - So, (32)

and
¢t'St:¢t+1'St7 t:1,...7T—1, (33)

where - denotes the dot product in R4, In this chapter, the term trading
strategy will always mean self-financing trading strategy.
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The initial value of a trading strategy ¢ is Vo(¢) = ¢1 - Sp and its value at time
te{l,...,Ttis

d
Vi() = - Si =Y }S;. (3.4)
=0

Using the self-financing property we also have that
W(¢):¢t+1st, tZO,].,,T—l (35)

The gains process associated with a trading strategy ¢ is defined by

Using the equivalent forms for V(¢) that come from the self-financing property
of ¢, we can rewrite this process as follows for t =1,...,T":

Gi(d) = D _(Va(e) = Var(9))

o+

= Z((rbs 'Ss 7¢S.SS—1)

s=1

= ) e (Se—Se) (3.7)

t
= ) 6. AS,,
s=1

where AS; = S;—Ss_1. In fact, the last expression is a discrete time stochastic
integral (recall that ¢, is Fs_1 measurable).

An arbitrage opportunity (in the finite market model) is a trading strategy ¢
such that

Vo(¢) =0,  Vr(¢) 20,  E[Vr(¢)] >0.
The finite market model is said to be wviable if it has no arbitrage opportunities.
It will simplify computations to use discounted asset price processes, obtained

by normalizing so that the value of a dollar at any time ¢ is the same as it is at
time 0. This is often called a change of numeraire. For i = 0,1, ..., d, we define
i

Sy :S—EJ, fort=0,1,...,T.

Note that S;® = 1 for all £. Then S} = (7%, 8!, ...,8"%) is the value of
the vector of discounted asset prices at time t. We will refer to S* = {S;,t =

0,1,...,T} as the (vector) discounted asset price process. The associated dis-
counted value process for a trading strategy ¢ is defined by
Vi
V() = 4C) t=0,1,...,T, (3.8)

0
St
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and using (3.4) and (3.5) we see that

and
Vi'(¢) = g1 - Sf, t=0,1,...,T —1. (3.10)

The discounted gains process for ¢ is defined by

and by very similar manipulations to those used in deriving (3.7), this can be
reexpressed as Gj = 0 and

t
s=1

where ASY = §; — S%_,. An advantage of this last expression is that it only

involves the risky assets, since AS?® =0 for s =1,...,T.

3.2 First Fundamental Theorem of Asset Pric-
ing

The following definitions will be needed to state the first fundamental theorem
of asset pricing, which characterizes viable finite market models.

Definition 3.2.1 Two probability measures Q and Q' on (1, F) are equivalent
(or mutually absolutely continuous) if

Q(A) =0 s equivalent to Q' (A)=0 forall AeF. (3.13)

In the finite market model, P gives positive probability to every w € , and so
for a probability measure P* on (Q,F), P is equivalent to P* if and only if
P*({w}) > 0 for allw € Q.

Definition 3.2.2 An equivalent martingale measure (abbreviated as EMM) is
a probability measure P* defined on (Q,F) such that P* is equivalent to P and
S* is a martingale under P* (relative to the filtration {F;,t =0,1,...,T}), i.e.,
foreacht € {1,...,T},

EP[S] | Foa] = 7y, (3.14)

where ET” denotes expectation under P* and the above equality is to be inter-
preted componentwise.
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We note for future use that (3.14) is equivalent to

EF[AS; | Fi_q] = 0. (3.15)

Remark. An equivalent martingale measure is sometimes also called a risk
neutral probability. We will use the terms interchangeably.

Theorem 3.2.3 (First Fundamental Theorem of Asset Pricing) The finite mar-
ket model is viable if and only if there exists an equivalent martingale measure
P*.

Proor. We first prove the “if” part of the theorem. Suppose there exists
an equivalent martingale measure P*. For a proof by contradiction, suppose
that ¢ is an arbitrage opportunity, that is, ¢ is a trading strategy with initial
value Vp(¢) = 0, final value Vr(¢) > 0, and E[Vr(¢)] > 0. It follows that the
discounted values satisfy Vi(¢) = 0, V/(¢) > 0, and since P* is equivalent to
P, EP"[V4(¢)] > 0. Then, by (3.11) and (3.12) we have

T
Vi(6) = V5 (0) + Gr(¢) =0+ > _ ¢y AS]. (3.16)

t=1

On taking expectations we obtain

E”'[Vi(9)] = BT

T
> b ASZ‘]
t=1

T

= S BT [E [0 AS; | Fia]]
t;l *

= Y EF [¢t-EP* [ASZIFH]}
t=1

= O7

since ¢y € F;—1 and by the martingale property (3.15). But this contradicts
EP"[V7(4)] > 0, and so there cannot be an arbitrage opportunity in the finite
market model, and hence the model is viable.

We now turn to proving the “only if” part of the theorem. For this, suppose that
the finite market model is viable. Since €2 is a finite set, for any random variable
Y defined on (Q,F), by enumerating Q as {w1,...,wn}, we may view Y as
(Y(w1),...,Y(wy)) € R™ Thus, there is a one-to-one correspondence between
points in R™ and (real-valued) random variables defined on €. Adopting this
point of view for the terminal discounted gain random variables G%.(¢), we
define

L = {G%(¢): ¢ is a (self-financing) trading strategy such that V5(¢) = 0}.
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Y,
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| > 1

Figure 3.1: An example of the situation for n = 2

Note that L is a linear space, since G%.(¢) is linear in ¢ and any linear combi-
nation of (self-financing) trading strategies with initial values of zero is again a
trading strategy with the same initial value. Also, L is non-empty because the
origin is contained in L. Let

D={YeR":Y;>0fori=1,...,nand Y; > 0 for some j}. (3.17)

Thus, D is the positive orthant in R™ with the origin removed.

Since the market is assumed to be viable, LN D = ). For otherwise there would
be a trading strategy ¢ with Vo(¢) =0, Vi (¢) = Gi4(¢) > 0 and Vi (4)(w;) > 0
for at least one 7, which would represent an arbitrage opportunity. Let

F:{YeD:zn:Yizl}. (3.18)

i=1
Then F is a convex, compact, non-empty subset of R” and LN F = ().

By applying the Separating Hyperplane Theorem 3.6.1, we see that there is a
vector Z € R™ \ {0} such that the hyperplane H = {Y ¢ R" : Y - Z = 0}
contains L and Z-Y >0 forallY € F. By settingY; =1ifi =j and Y; =0 if
i # j, we see that Z; > 0 for each j € {1,...,n}. Define

Z;
Z?:l Z; 7

Then P* is a probability measure on (€2, F) and it is equivalent to P. Moreover,
for any trading strategy ¢ such that V5(¢) = 0, we have

P*({wi}) = i=1,...,n. (3.19)

B (G0 = Y Gro)w) s (3:20)

Z]:l ZJ'
_ Gr(9)-Z
= 5?:1 7 (3.21)

= 0, (3.22)
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where the last line follows from the fact that Z is perpendicular to H which
contains L.

Note that G%.(¢) only involves (¢, ..., ¢%). From Lemma 3.2.4, proved below,
given ¢',...,¢% where for i = 1,....d, ¢' = {¢i,t = 1,...,T} and ¢! is
a real-valued, F;_i-measurable random variable for each t, there is a unique
ordered set of T real-valued random variables ¢° = {¢9,¢ = 1,...,T} such that
o= {(¢%,0L,....09),t =1,...,T} is a (self-financing) trading strategy with
an initial value of zero. Upon substituting this in (3.20) and writing out the
expression (cf. (3.12)) for G%(¢), we see that

> o AS;*] (3.23)

0=E"[Gp(9)] = B
1
B

DD HAs!

t=1 i=1

T
¥
. (3.24)

For each fixed i € {1,...,d}, if we set ¢} = 0 for all ¢ and j # i, we obtain

T
0=E" lz PIASS | (3.25)

t=1

for each ¢ = {¢i,t = 1,...,T} such that ¢! is a real-valued F;_;-measurable
random variable for each t. It then follows from Lemma 3.2.5, proved below,
that for i = 1,...,d, S* is a martingale under P*. Hence, P* is an equivalent
martingale measure. O

The next two lemmas were used in the above proof of the First Fundamental
Theorem of Asset Pricing. The first lemma shows that given (non-anticipating)
holdings in the risky assets and an initial wealth, there is a unique sequence of
holdings in the riskless asset that makes the associated trading strategy self-
financing.

Lemma 3.2.4 For i = 1,....d, let ¢' = {¢i,t = 1,...,T} where ¢ is a
real-valued, F;_1-measurable random variable for t = 1,...,T. For each real-
valued Fo-measurable random variable Vi, there exists a unique ordered set
of T real-valued random variables ¢° = {¢9,t = 1,...,T} such that ¢ =
{(¢?, QAS%, e gfgf), t=1,...,T} is a (self-financing) trading strategy with an ini-
tial value of Vj.

PROOF. Fix Vj € Fy. For ¢ to be self-financing at time zero, we must have (cf.
(3.2)):
¢1-50="Vo (3.26)
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and since (;AS%, . ,ngSf are given, this will be satisfied if and only if

i=1

d
¢ = (S0)* (Vo - Zéi&%) : (3.27)

Note that this ¢? € Fy. Thus, ¢? is uniquely determined. For an induction,
suppose that for some 1 < s < T —1, ¢9, t = 1,...,s, have been determined
uniquely such that ¢ € F;_; for each t = 1,...,s, (3.26) holds, and

¢t'St:¢t+l'St7 tzl,,S—l (328)

Then, the self-financing property (3.28) holds for ¢ = s if and only if we have

d
2+1 = (Sg)_l <¢s : Ss - Z(ZBZJAS;) . (329)
i=1

Note that this expression for ¢2 is Fs-measurable. This establishes the induc-
tion step and it follows that there is a unique ¢° that makes ¢ a (self-financing)
trading strategy with initial value V. O

Lemma 3.2.5 Let M = {M;,t =0,1,...,T} be a real-valued process such that
M; € F; for each t. Then, M is a martingale (relative to the filtration {Fi}) if
and only if

E =0 (3.30)

T
Z ntAMt
t=1

for all n = {n,t = 1,...,T} such that n; is a real-valued Fy_1-measurable
random variable fort =1,...,T. Here, AMy = My — M;_1 fort=1,...,T.

T
Remark. The sum Y n,AM; is actually a discrete stochastic integral. If one
i=1
extends 1 to a continuous time process by making it constant on (¢t — 1,¢] with
a value of 7; there, and one extends M to be constant on [t — 1,¢) with a value

of M;_; there, then the sum is the same as the stochastic integral f[o 7] e dMy.

PROOF. Suppose M is a martingale. Let nn = {n:,t = 1,...,T} where 7 is a
real-valued F;_i-measurable random variable for each ¢. Then, since 1, € Fy_1,
we have

E

ZmAMtl = ZE e E [AM, | Fi—1]] - (3.31)

t=1

Now, because M is a martingale we have E[AM; | F;_1] =0, fort =1,...,T,
and it follows that (3.30) holds.
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Conversely, suppose that (3.30) holds for all n = {n;,t = 1,..., T} where 7, is a
real-valued F;_1-measurable random variable for each t. For fixed s € {1,...,T}

and A € Fy_1, let
~J0  fort#s,
= 14 fort=s.

Then n; € Fy—; for each t. Upon substituting this into (3.30), we obtain
E[14AM,] = 0. (3.32)
Since A € F,_1 was arbitrary, it follows that
E[M, | Fso1] = My, (3.33)

and then since s was arbitrary, it follows that M is a martingale. O

3.3 Second Fundamental Theorem of Asset Pric-
ing

A FEuropean contingent claim is represented by a Fpr-measurable random vari-
able X. The value (or payoff) of the contingent claim at the exercise time T’
is X. For example, a European call option with strike price K and expiration
date T that is based on the risky asset with price process S is represented by
X = (S} — K)*. On the other hand, a look-back option usually depends on the
recent history of a risky asset (see the Exercises for an example of such).

We will frequently refer to the random variable X, that represents a Furopean
contingent claim, as the European contingent claim (or ECC for short). For a
European contingent claim X, we let X* = X/S9, the discounted value of X.

A replicating (or hedging) strategy for a European contingent claim X is a trad-
ing strategy ¢ such that Vr(¢) = X. If there exists such a replicating strategy,
the European contingent claim is said to be attainable.

The finite market model is said to be complete if all European contingent claims
are attainable.

Theorem 3.3.1 Suppose that the finite market model is viable and X is a repli-
cable European contingent claim. Then the value process {Vi(¢),t =0,1,...,T}
s the same for all replicating strategies ¢ for X. Indeed, for any replicating
strateqy @,

V(@)= EY [X* | F], t=0,1,...,T, (3.34)

for any equivalent martingale measure P*, and the right member of (3.34) has
the same value for all such P*.
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ProOF. By the First Fundamental Theorem of Asset Pricing, there is at least
one equivalent martingale measure. Let P* be such a measure. Let ¢ be a
replicating strategy for X. Then, for t =0,1,...,T, by the martingale property
of §* under P*,

T T
EP S 6,-A8 ]—'t] =Y B [¢s. EP [AS | Fyi] ‘ft} —0,
s=t+1 s=t+1
(3.35)
and it follows that (cf. (3.11)—(3.12)):
t
V(@) = Vi(o)+ > ¢s-AS: (3.36)
s=1
t T
= Vi(0)+ D 05 ASI+ BT | N o, ASH| R | (3.37)
s=1 s=t+1
B [Vi(9) | 7] (3.38)
= EY (X" |7, (3.39)

where X* = X/S%. Since the last line above does not depend upon ¢, it follows
that V;*(¢) and hence V;(¢) does not depend upon the particular choice of
replicating strategy ¢. Furthermore, since the right member of (3.36) does not
depend upon the particular choice of an EMM P*, it follows that the quantity
in (3.39) also has this property. O

Theorem 3.3.2 (Second Fundamental Theorem of Asset Pricing) A viable fi-
nite market model is complete if and only if it admits a unique equivalent mar-
tingale measure.

PROOF. Suppose the market is viable and complete. By the First Fundamental
Theorem of Asset Pricing, there is an equivalent martingale measure (). Suppose
there is another equivalent martingale measure Q. Fix A € Fp and let X = 14.
Suppose that ¢ is a replicating strategy for X. Then, by Theorem 3.3.1

EC[X*] = EQ[X™]. (3.40)

Multiplying both sides by the deterministic quantity S% yields

E°[X] = E9[X] (3.41)
and so R
Q(A) = Q(A). (3.42)
Hence, Q = Q, since A € Fr = F was arbitrary.

Conversely, suppose the market is viable but not complete. Then we will show
that there is more than one equivalent martingale measure. Since the market is
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not complete, there exists a European contingent claim X that is not attainable.
Let P denote the set of ¢ = (ngﬁl,...,dgd) satisfying ¢ = {(;AS;‘;,t =1,...,T}
where (5@ is a real-valued F;_;-measurable random variable fori =1,...,d, t =
1,...,T. We claim that there is no pair (¢, (;3) such that ¢ € P, ¢ € R and

T
c+ Y - ASF = X", (3.43)
t=1
where §* = (S*1,...,8*%4). For, if there were such a pair (c, ¢3), then by Lemma
3.2.4, ¢ could be extended to a trading strategy ¢ = (¢°, ¢!, ..., ¢%) with initial
value ¢, and then, by (3.11)—(3.12), ¢ would be a replicating strategy for X.

Now, adopting the same device as in the proof of Theorem 3.2.3 of viewing
random variables as vectors in R™, let

T
L{c+2¢3t~A5‘f:(£€P,ceR}. (3.44)

t=1

Then, L is a linear subspace of R™ (since c¢ is allowed to take any value in R)
and X* ¢ L. It follows that L is a strict subspace of R™ and there is a non-zero
vector Z € R™ such that Z € L*. Then,

Y Zw)Y(w)=0  foral YeL. (3.45)
weN

Since the finite market model is viable, there is at least one equivalent martingale
measure P*. Then P*({w}) > 0 for all w € €2, and on setting

Z(w) = Ii(;:})) for all w € Q, (3.46)
we may rewrite (3.45) as
EP"[ZY]=0 forallY € L. (3.47)
Now, define
P*({w}) = (1 + 2?%? ) P*({w}) for each w € Q, (3.48)

where || Z]|oo = mas))<|2(w)|. Since Z # 0, P** # P*. Moreover, P*({w}) > 0
we
for each w € Q. To check that P** is a probability measure, note that

Z(w)

Q) = P+ 22 prqw)) (3.49)
%2”2”@
1 -

_ 1+2||Z||OOEP [Z] (3.50)

= 1, (3.51)
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where we used (3.47) with Y = 1 € L to obtain the last line. Thus, P** is a
probability measure that is equivalent to P*. We finally need to check that S*
is a martingale under P**. For any ¢ € P,

T . T R 1
> b AS; > b AS;
t=1 t=1

21 Zll

EP — P n EP

T
Zy 6 NS
t=1
(3.52)
The first term in the right member above is zero, by Lemma 3.2.5, since S™* is
a martingale under P*. The second term there is zero by (3.47), since Y =
S, bt - ASF € L. On setting ¢] = 0 for all j # i and ¢ = 1,2,...,T,
and applying Lemma 3.2.5 again, it follows that S$*? is a P**-martingale for

t =1,...,d and since this is trivially so for ¢« = 0, it follows that S* is a P**
martingale and hence P** is an equivalent martingale measure that is different
from P*. d

The following is a form of the martingale representation theorem in a finite
market model context.

Theorem 3.3.3 Suppose the finite market model is viable and P* is an equiv-
alent martingale measure. Then, the model is complete if and only if each real-
valued martingale M = {My;, Fy,t = 0,1,...,T} under P* has a representation
of the form

t
My = Mo+ ¢s- ASE, t=0,1,...,T, (3.53)
s=1

for some ¢ = (*,..., %) where for each i =1,....d, ¢* = {¢i,t =1,...,T}
and ¢} is a real-valued F;_1-measurable random variable for each t. (Here S* =

(§*1,8%2, ... §+d) )

PROOF. Suppose the model is complete and let M = {M;, F,t =0,1,...,T}
be a martingale under P*. Then, X = MyS% is a European contingent claim.
Since the model is complete, there exists a replicating strategy ¢ for X. Then,
Vi (¢) = X* = My and by Theorem 3.3.1 we have for t =0,1,...,7 — 1,

V(@) = EVT[X* | Fi] = EY My | F). (3.54)

Since M is a P*-martingale, the last member above is equal to M; P*-a.s. and
so it follows upon using (3.11)—(3.12) that for t =0,1,...,T,

My =V (¢) = Vi(o)+Gi(9) (3.55)
= V5(@)+ > ¢s-AS: (3.56)

s=1
= Mo+ 6. AS; (3.57)

s=1
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where ¢ = {(¢},...,¢9),t = 1,...,T} and ¢} € Fo_y for t = 1,...,T, i =
1,...,d. Here we have used the fact that G;(¢) only involves the holdings in
the risky assets.

Conversely, suppose the representation property holds. To show that the model
is complete, consider a European contingent claim X. Define

M, =EY[X*|F), t=0,1,...,T. (3.58)

Then M = {M;, F,t = 0,1,...,T} is a martingale under P*. Let é be as
in the representation (3.53). By Lemma 3.2.4, ¢ can be extended to a (self-
financing) trading strategy ¢ = (¢°, ', ..., ¢?) with initial value My. Then, for
t=0,1,...,T,

V@) = Vi(¢)+Gi(9) (3.59)
= Mo+ ) 6. AS; (3.60)
- Mt. . (361)

Hence, Vj(¢) = Mpr = X* and it follows that Vp(¢) = X. Thus, ¢ is a
replicating strategy for X. Since X was an arbitrary European contingent claim,
it follows that the market is complete. O

3.4 Pricing European Contingent Claims

In this section, we assume that the finite market model is viable and complete.
Let P* be the unique equivalent martingale measure. Consider a European
contingent claim with value X at time 7. To determine the arbitrage free price
process for the European contingent claim, we consider a market that allows
trading in the stock, bond and European contingent claim at each time ¢t =
0,1,...,7 —1 (this is more general than the situation considered in Section 2.2,
where we only allowed trading in the European contingent claim at time zero).

Let {Ct,t = 0,1,...,T} be an {F;}-adapted process, where C; represents the
price of the European contingent claim at time ¢ = 0,1,...,7 — 1 and Cr =
X. A trading strategy in stocks, bond and the European contingent claim is a
collection v = {(¢¢,7¢),t = 1,...,T} where for each t, ¢; = (6%, ¢}, ..., %) is a
(d41)-dimensional F;_j-measurable random vector such that for i = 0,1,...,d,
@i represents the number of “shares” of asset i held over the time interval
(t —1,¢], and 7, is a real-valued F;_j-measurable random variable representing
the number of European contingent claims held over the time interval (¢t —1,¢].
This trading strategy must be self-financing, i.e., its initial value is

Vo) = ¢1 - So +711Co,
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and at each time t=1,...,T — 1,

¢ - St +1Cy = 1 - S¢ + e41Ch.

The value of the stocks-bond-contingent claim portfolio at time T is

Vr(y) = o1 - St + yrX.

An arbitrage opportunity in the stocks-bond-contingent claim market is a (self-
financing) trading strategy ¢ such that V5 (1) = 0, Vr(¢) > 0 and E[Vr ()] > 0.

Remark. One may think of the stocks-bond-contingent claim market as a
finite market model in its own right, with d + 1 risky assets (d stocks and one
contingent claim) and one riskless asset (one bond). Then the above notions of
self-financing trading strategy and arbitrage concide with those defined earlier
in this chapter.

Theorem 3.4.1 Suppose the finite market model is viable and complete and P*
18 the unique equivalent martingale measure. Then for any FEuropean contingent
claim X,

(SYEF [ X* | A],t=0,1,...,T}

is the (unique) arbitrage free price process for the European contingent claim,
where X* = X/SY is the discounted value of X at time T

PROOF. Let ¢ be a replicating strategy for X. Then by Theorem 3.3.1,
Vi(¢) = SPETTIXT | ], t=0,1,...,T.

Let {Ct,t =0,1,...,T} be the price process for the European contingent claim,
where Cpr = X.

We first show that if P(Cs # Vs(¢)) > 0 for some s, then there is an arbitrage
opportunity. Note Cr = Vp(¢) = X. Suppose there is s € {0,1,...,T — 1}
such that P(Cs > Vi(¢)) > 0. Let A = {w : Cs(w) > Vi(¢)(w)}. Then A € F.
An investor could act as follows to achieve an arbitrage. The investor invests
nothing in stocks, bond or contingent claim up to time s. If Cs < Vi(¢), the
investor continues to invest nothing from time s to T. If Cs > Vi(¢), at time s,
the investor sells one European contingent claim, invests V(¢) of the proceeds
in the market from time s onwards according to the strategy (¢sy1,...,¢r), and
puts the remainder, Cy — V(¢), in the bond from time s to T'. This strategy
may be formally written as

0 fort<s
e = (¢g+@*57‘§<¢>,¢},...,¢§,—1>1A for t > s.

It is readily verified to be self-financing. In particular, V;(¢) = 0 for t < s, and
1A(¢S+1 : Ss + Cs - VS(QI)) - Cs) =0.
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Now

3

0
Vr(y) = 1A(¢T'ST+(CSfVS(¢))%fX)

= 14 <(Cs - %(¢))§—j§> ;

since Vr(¢) = ¢ - Sp = X, by the replicating property of ¢. Thus, Vr(¢) > 0
and P(Vr(¢) > 0) = P(A) > 0, and ¢ is an arbitrage.

Similarly, if s € {0,1,...,T — 1} such that P(Cs < V5(¢)) > 0 and B = {C; <
Vs(#)}, and we let

0 fort<s
Ve = (*¢?+%,f¢%,...,f¢f,l)lg for t > s,
for t = 1,...,T, then v represents an arbitrage. Thus we have shown that if

P(Cs # Vi(¢) for some s) > 0, there is an arbitrage opportunity.

It remains to show that if Cs = V(¢) for all s, there is no arbitrage opportunity
in the stocks-bond-contingent claim market. For a contradiction, suppose Cs =
Vs(¢) for all s and that ¢ = {(gzgt, A),t =1,...,T} is an arbitrage opportunity.
Then Vo(®) = 0, V(1) > 0 and E[Ve(1)] > 0. Let V() = Vi(1h)/S0,t =
0,1,...,T. Then for t € {1,...,T}

EVVEW) | Feal = BT (60 87 + 7V, (9) | Fii]
¢t - EP (S} | Feoal + HET V7 (9) | Fia]
bu- iy +AVii(9)

where we have used the facts that S* and V*(¢) are martingales under P*
(cf. (3.34)). Using the self-financing property of ¢, we recognize the above as
71 (). Hence, {Vi*(v), Fy,t =0,1,...,T} is a P*-martingale and so

EP Vi ()] = EF V5 (¥)). (3.62)

Now, Vi () = Vo(p) = 0 and V7 (¢) > 0, so it follows that P*(V;i(¢) =0) =1
and since P* is equivalent to P, P(V; (1) = 0) = 1 and hence P(Vp(¢) = 0) = 1,
which contradicts the assumption that ¢ is an arbitrage.

Thus, C;, = Vi(¢) = SPET"[X* | F], t =0,1,...,T, defines the arbitrage free
price process. O

Remark. Examination of the above proof shows that the conclusion of the
theorem still holds if the finite market model is viable and X is simply replicable,
i.e., one does not need to assume completeness of the market model.
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3.5 Incomplete Markets

Throughout this section, we consider a single period finite market model, i.e.,
T = 1. We assume that the finite market model has no arbitrage opportunities,
i.e., it is viable. It follows that there is at least one equivalent martingale
measure.

Let X be a European contingent claim. A superhedging strategy for X is a
self-financing trading strategy ¢ such that Vr(¢) > X. By Theorem 3.3.1, the
initial value of such a strategy is given by E¥ [Y*]S where Y* = Vi (¢)/S%
and P* is any equivalent martingale measure. Thus,

Vi(X) = inf{Vo(¢): ¢ is a superhedging strategy for X}  (3.63)
inf{ET"[Y*]SY : Y is replicable and Y > X}, (3.64)

for any equivalent martingale measure P*. From the last line it follows that
Vi (X) > EP"[X*]S] for each equivalent martingale measure P*. The infimum
in the definition of V(X)) is actually attained by some superhedging strategy

¢. To see this, recall that €2 is a finite set and note that V; (X) is the optimal
value of the linear program

minimize ¢ -So
subject to ¢ - St(w) > X(w) for each w € Q,
¢ c Rd+1.

Since the feasible set for this linear program is easily seen to be non-empty and
the objective function is bounded below, it follows that the optimal value is
attained (cf. Bertsikas and Tsitsiklis [2], page 67). A superhedging strategy for
X whose initial value equals V. (X) is called a minimal superhedging strategy.

If the contingent claim is initially priced at Vi (X), a seller of the claim can
invest the proceeds of the sale in a minimal superhedging strategy ¢ and the
seller is protected from the risk of having sold the contingent claim, since the
seller’s portfolio value at time T will be Vp(¢) — X > 0. Furthermore, if the
contingent claim is initially priced at more than V(X), there is an arbitrage
opportunity for the seller (the proof is left to the reader).

On the other hand, a buyer of the contingent claim, wants the initial price Cy of
the contingent claim to be such that the buyer can invest —CYy in a self-financing
trading strategy ¢ with V5(¢) = —Cp and such that the buyer is protected from
the risk of having bought the contingent claim, i.e., Vp(¢) + X > 0. The
maximum intial price Cy with this property is

V_(X) = sup{—Vo(¢): ¢ is a self-financing trading strategy, Vr(¢) + X > 0}
sup{Vo(¢) : ¢ is a self-financing trading strategy, Vr(¢) < X}

= sup{ET [Y*]S) :Y is replicable and Y < X},

for any equivalent martingale measure P*. In the second last line above we
have used the fact that ¢ is a self-financing trading strategy if and only if —¢
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is a self-financing trading strategy, and that the value of a trading strategy at
each time ¢ is a linear function of the trading strategy. In a similar manner to
that for V4 (X), one can see that the supremum in the definition of V_(X) is
attained and V_(X) < EP7[X*]S) for all equivalent martingale measures P*.
Moreover, if the initial price of the contingent claim is priced less than V_(X),
there is an arbitrage opportunity for the buyer of the contingent claim.

Let M denote the set of equivalent martingale measures. Then, from the above
we have

Vo(X)< inf EP[X*]S) < sup EF[X*]S) <V (X). (3.65)
P*eM Pr*eM

If X is replicable, then from the Remark at the end of Section 3.4, V(X) =
V_(X) is the unique arbitrage free initial price for the contingent claim X.

If X is not replicable, there are no arbitrage free initial prices outside of the
closed interval [V_(X), Vi (X)]. In fact, V_(X) and V (X) are also not arbitrage
free initial prices in this case. For V, (X), this follows from the fact that the
inf in the definition of V(X)) is attained and a minimal superhedging strategy
¢ must have Vr(¢) > X with positive probability, since otherwise ¢ would be
a replicating strategy for X. A similar argument applies for V_(X). Using the
definition of V_(X) and V,(X), one can see that any initial price in the open
interval (V_(X), V(X)) is arbitrage free. This last interval is non-empty if X
is not replicable, as the following lemma shows.

Lemma 3.5.1 Suppose that a European contingent claim X is not replicable.
Then V_(X) < Vi (X).

PrROOF. Recall from the proof of the Second Fundamental Theorem of Asset
Pricing, Theorem 3.3.2, that if X is not replicable, then X* is not in

L ={V}(¢): ¢ is a self-financing trading strategy}. (3.66)

Decomposing X* into its component X7 in L and its component Z that is
perpendicular to L, we have

X*=X7+2Z. (3.67)
From the proof of Theorem 3.3.2 we see that P**, defined by

P (w) = P*(w) + @, w € Q, (3.68)

where d = 2||Z||o and Z is given by (3.46), is an equivalent martingale mea-
sure. From the martingale property under P* and P**, it follows that since
X} =V (¢) for some self-financing trading strategy ¢, EX [X;] = EF[X}] =
Vi (¢). Now,

ET (71 = EY (2] + ZTZ > EP (7). (3.69)
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Hence, using (3.65) we have

V_o(X) < BEPT[X*)S) < EYT[X*)SY < Vi (X). (3.70)

The following is a consequence of Theorem 3.3.1 and the above theorem.

Corollary 3.5.2 A FEuropean contingent claim X is replicable if and only if
EF” [X*] has the same value for all equivalent martingale measures P*.

We also have the following alternative characterization of V(X)) and V_(X).

Theorem 3.5.3 For any European contingent claim X,
Vi(X) = sup{B7 (XS P em},

Vo(X) = mf{EP*[X*]sg:P*eM}.

ProOOF. The proof of the formula for V, (X) will be given. The proof for
V_(X) is similar. Viewing probabilities on the finite set €2 as vectors in n-
dimensional Euclidean space (where n = |Q|), let Pf,..., P} be a maximal
linearly independent subset of M. Then any element of M can be written in the
form ijl 0, Pr for some real constants 6;, j = 1,..., J satisfying ijl 0; =1.
It follows from the above corollary that Y € Fp is replicable if and only if
EP"[Y*] has the same value for all P* € M and this occurs if and only if
ET7[Y*] has the same value for j = 1,...,J. Tt follows from (3.64) that V (X)
is the optimal value of the linear program

minimize A
subject to A=FEPY*sY, j=1,...,J,
Y*> X"

The dual to this linear program is

maximize - X

J
subject to P = Z Gij*Sg,

j=1

J
7/120a Zgj :1a
j=1

Y eR" 0eR’.

For a feasible 1 for the dual problem, 1/SJ is a probability on Q and S* is
a martingale under this probability. Such a probability may not be strictly
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positive on all of €2 and so is perhaps not in M; however, it can be approximated
arbitrarily closely by an element of M. Since the original linear program has a
finite optimal value, the same is true of the dual program and this optimal value
is the same as that of the original problem. Combining the above, we obtain

Vi(X) = max{E? [X*]S0 : Q is a probability on 2
and S* is a martingale under Q}
= sup{E"[X*]S): P* e M}.

O

Thus, when X is not replicable, all of the prices in the non-empty interval
(V_(X),V4(X)) are arbitrage free initial prices, and neither the buyer nor the
seller can completely eliminate the risk of buying or selling the contingent claim
for such a price. To further refine the choice of an initial arbitrage free price
and hedging strategy, various subjective procedures have been proposed. One
possibility is to minimize the variance

EP[(Vr(9) — X)* (3.71)

over all self-financing trading strategies ¢ with initial values in the interval
(V_(X),V4(X)). Here P is the subjective probability associated with our prob-
ability space (92, F, P).

For further discussion of incomplete markets, we refer the reader to the books
by Follmer and Schied, and Musiela and Rutkowski, for a start.

3.6 Separating Hyperplane Theorem

Theorem 3.6.1 (Separating Hyperplane Theorem) Let F' be a compact, convez,
non-empty subset of R™. Let L be a non-empty linear subspace of R™. Suppose
FNL=0. Then there erists a hyperplane

H={xecR":z-2=0} for some z € R"\ {0}

such that L C H and z-x > 0 for allxz € F.

PROOF. Define G=F—-L={zxeR": 2= f—{for some f € F, ¢ € L}. Then
G is convex, closed and non-empty. The convexity follows easily from that for
F and L. To see that G is closed, consider a sequence {Ty, = fm — lm oo
in G where f,, € F, ¢, € L for all m. Suppose x,, — x € R" as m — oo.
Since F is compact, there is a subsequence { fy,, }22, converging to some f € F.
Then /,,, = —xp,, + fm, converges to —x + f. Since L is closed we must have
—x+ f€L. Hence x = f — (—x + f) € G. Clearly G is non-empty, since F
and L are both non-empty. Note that G does not contain the origin (otherwise
F would intersect L non-trivially).
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Let B denote the closed ball centered at the origin of radius » > 0 (where
distance is measured by the Euclidean norm). Choose r > 0 such that BN G #
(). Then B N G is closed, bounded, non-empty and hence compact. So the

continuous function g(z) = ||z|| attains its infimum on BNG at some z € BNG,
where ||z| = (z-2)? denotes the Euclidean norm of z. Note that ||z|| < r, since
z € B.

Now ||z|| > r for z € G\ B and so combining this with the above we have
lz]| > ||z|| for all € G. Then for any A € (0,1) and z € G, Az + (1 — A\)z € G
by the convexity of G and so
Az + (1= X)z||® > ||z||? for all 2 € G, X € (0,1).
Expanding and dividing through by A yields:
20=Nz-z2—-2z-z4+ NMax-z+2z-2) >0.

Letting A — 0, we obtain
r-z>2z-z2 forallxzed.
Then, (f —¥¢)-z>z-zforall f € F, £ € L, which implies
f-z>20-z2+2z-2 forall fe F {elL.
Fix f € F. Then
- z2<f-z—z-z forallleL.

But L is a linear space, so the above holds with ¢ in place of ¢ for all v € R.
The only way this can be true isif £- z =0 for all / € L. Hence, f-2> 2z-2>0
for all f e F.

Let H = {x € R" : ©-z = 0}. Then from the above, L C H and f -z > 0 for all
fekr. O

3.7 Exercises

1. Consider the multi-period CRR binomial model introduced in Chapter 2.
Assuming u > d > 0, verify that this model is viable if and only if d < 1+7 < u.
In this case, verify that the model is complete.

2. Let T =2, Q= {wy,...,ws}, Pwi}) > 0fori=1,...,4, Fo = {0,Q},
Fi = {{w1,wao}, {ws, wa}, 0,02}, and Fy be the collection of all subsets of Q.
Consider a riskless asset with price process S° = {SY,¢t =0, 1,2} where Sf =1
for all ¢, and a risky asset with price process S' = {S},t = 0,1,2} such that

Si(w1) = 5, Si(w1)=8, Sy(wi)=9 (3.72)
Solwa) = 5, Si(ws) =8, S3(w2)=6 (3.73)
So(ws) = 5, Si(ws) =4, S3(ws)=6 (3.74)
Si(ws) = 5, Si(wy) =4, S3(ws)=23. (3.75)
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Then
X =max(0,8; — 7,5 — 7,53 = 7), (3.76)
is the value at time T of a so-called look-back option, where this value depends
on the prices of the underlying asset S! in the past as well as at time 7.
(a) Draw a tree to indicate the possible “paths” followed by the risky asset
price process S'.

(b) Find an equivalent martingale measure for the model.

(¢) Find a replicating strategy for the option whose value at time T is given
by X.

(d) What is the arbitrage free price for the option at time zero?

3. Consider a finite market model with T = 2, Q = {w1,ws, w3, ws,ws}, and
P({w;}) >0fori=1,...,5. Suppose there are two assets, a riskless asset with
price process SO = {S?,¢t = 0,1,2} where S? = (1+7)! for t = 0,1,2, and some
r >0, and a risky asset with price process S = {S},t =0,1,2} where

Splwr) = 5, Si(wi)=8, Sj(w1)=9 (3.77)
So(wa) = 5, Si(wa) =8, Sy(wa) =7 (3.78)
Solws) = 5, Si(ws)=8, Sy(ws)=6 (3.79)
Si(ws) = 5, Si(ws) =4, Si(ws)=6 (3.80)
Sg(ws) = 5, Si(ws)=4, Sj(ws)=3 (3.81)

Let Fo = {(039}7 Fi= O'{S(%asll} and F3 = 0{5675117521}'

(a) Draw a tree to indicate the possible “paths” followed by the risky asset
price process S'.

(b) Supposer = 0.1. Is there an equivalent martingale measure for this model?
If there is one, is it unique? What are the answers to the last two questions
if r =17

4. Let T =1,8? = (1+7r)! wherer = %, t=0,1, Q= {wy,ws,ws,ws}. Suppose
that there are two risky assets with price processes S!, $2:

Sy

1| 5 | 20/3]20/3]40/9 | 20/9
2|10 | 40/3 | 80/9 | 80/9 | 40/3
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(i) Specify the space
L ={G}(¢) : ¢ is a self-financing trading strategy with Vo(¢) = 0}
for this example.

(ii) Are there any arbitrage opportunities for this example? If so, find all of
them.

(iii) Are there any equivalent martingale measures for this example? If so, find

all of them.

5. Show that the separating hyperplane theorem follows from the Hahn-Banach
theorem.



