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Optional Stopping

Given a filtration, {F,,n = 0,1,2,...}, a stopping time (optional time) (relative to the
filtration) is a random variable.

T: Q@ —{0,1,2,...} U{oo}

such that for each n =0,1,2,....{T =n} ={w € Q: T(w) =n} € F,.

Simple Stopping Theorem

Suppose M = {M,,F,,n=0,1,2,...} is a martingale and T is the stopping time relative
to {Fn}3ly-

Assume there is a constant K such that 7' < K a.s. then E[Mr| = E[My].

E[M,] = E[Mjy)] for each n.

(M) (@) = (M) (@)

Coin Flipping Example
If w=TTTHT, then 7 =inf{n >0: 2, = H}

Example

{& )2, iid P(&§ = +1) = p, P(& = —1) = g where
p+tqg=1,0<p<l,p#gq
p=~FEl&G]l=p—q#0

n
Xpn=x+ Zﬁi where x is an integer between 0 and b (b > 0 integer)
i=1




{M,, F,,n=0,1,2,...} is a martingale.
T =inf{n >0: X, or b}

T is a stopping time
Fixn €{0,1,2,...}
{T =n} ={Xo ¢{0,b},{X1 ¢ {0,b},..., X;,_1 ¢ {0,b}, X, € {0,b}} € F,
Theorem
Suppose S and T are two stopping times. Then S AT is also a stopping time. Also any de-
terministic time is a stopping time. Thus T'AN is a stopping time for each N € {0, 1,2, ...}.
SoT'AN C N and can apply stopping theorem.
E[Mrpn] = E[M)]
M, =X, —nuand My=Xo==x
= E[Xran — (T AN)p] ==
|XT/\N’ < b, then E[XT/\N] - E[(T A N),u] =z
uE[T ANN] = E[XpaN]| — =
() E[T A N] = EXraxle
’E[XTAN}—QU| < btz

1 =
E[T AN] < bt
Let N — oo, by Monotone Convergence.
E[T] = E[ lim T A N]

N—o00

By Monotone Convergence Theorem

E[T] = lim E[TAN] <278 ¢
N—o0 [l

= T < o0 a.s. and in fact E[T] < oo
Let N — oo in (%)
E[T A N] = ElXranlze
As N — oo by Monotone Convergence
E[T A N] — E[T]
(TAN)(w) — T(w) as N — oo for a.e. w
(X7AN)(w) = X7 (w)
As N — oo by Bounded Convergence
E[Xinn]-z _ B[Xr]-=

o
= E[T) = % for a.e. w (X7an)(w) — (X7)(w) bounded convergence.

so E[T) = 71’&(5“1:17)_””

EJ x b
[

Martingale @, = (£)*"] when T is finite w.p. 1 gives P21 = b)

Brownian Motion - continuous time, continuos state (Wiener Process).




S = R(one dimensional)
Stochastic Process {B;,t > 0}

Centinous

Markev Time

Martingale

Gaus==ian
Brownian Metion

Preces=

Definition
A standard one dimensional Brownian Motion is a stochastic process {By,t > 0} taking
value in R, such that

(i) Bo =0 a.s.

(ii) (independent incerements)
——+— =

+a=0 1’1 "’2 1’3 T (i

{Bt, — By,, Bt, — Bt,, ..., B, — By, _, } are independent for any 0 =ty < t; < ... < t,, and
any n = 1,2, ...

(iii) For any s, t, 0 < s <t < o0

B, — By is a normal r.v. with mean 0 and variance ¢ — s (stationary increment)

(iv) a.s., t — By is continuous

(%) a.s., t — By is not differentiable at any t.
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Evidence for (*)

Fixt >0
By distribution, % = % = ‘/EhBl = % — tooash— 0
» dBt»

7 = white noise
[ f(#)dBy = [ f(t)" 9Bt dt does not exist.



