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Functional Central Limit Theorem

Recall

V() = V(X7 () - X (1),

]~

) = V) + 3 (0 — o) Wi / FE(X7(s))ds) + / V() - V7 ()ds] + ¢ (1),

b
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and (" = 0 as r — o0, pi(s) € [X"(s), X(s)], Wk(fo fr(X7(s))ds) = Wk(fo fr(X(s)))ds.
Need to show {V"},-; is C-tight.

Suppose V" = V. It was shown last time that

7O+ 30 - /vfk ds+/\/fk NAW(s)). (1)
k=1

Assume V”(O) = V(O) Let G(t) = Zk (v, — vy, \/ fre(X de Zk (v

vr)V fx(X(s)). Then we can rewrite (1) as

V(t)=V(0)+G(t) + /O t H(s)V(s)ds. (2)

Given V(0), there is a unique continuous solution V (t) of (2) (we solve the equation w by
w).
On the righthand side of the equation, G and H are known but V' is unknown.

Let U(t) = [} H s)ds, J(t) = H(t) - V(0) + H(t) - G(t), then we have

% — H(t)- V(1) = J(t) + H(t) - U(1)
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Integrate:

t
e fot H(S)dSU(t) _ / e~ I H(u)duJ(S)dS
0

t
— U(t) = elo H(S)ds/ e Jo Hwdu j(5)ds.
0

Now we prove the C-tightness of {V"},51.

Since {X"} satisfies compact containment and V fj, is continuous on Euclidean space, then

Ve > 0,3r*, K such that P(||Vfi(pp())llr < K*) =2 1 —¢Vr > ™. And since

we

know {V"(0 ) S (v — vk Wi [ fr(X7(s))ds),¢"()} is C-tight, then for each T' > 0,¢ >

0, EIKT rt such that Vr >

K

PV O+ —vka(/; Fi(X7(5))ds) + ¢ (O)llr < K

k=1

and ||V fi (. ()l <

: ,k:1,2,...,K>>1—e.
(o, —up] + 1)K

Denote the “good set” above by G™¢, then on G™¢, for t € [0, T]

40 K*+Z|vk—vkr [ 9V las

<KT+KT/ V7 (s)|ds
0

Gronwall

¢
< KT—O—(KT)2/ K =9) gg
0

< Kt

= PA(HVTHT <KH > PG =1—ecforr>rf
— {V"} satisfies compact containment.

Compact containment of {V 7 (p;.(-))} and {V"} implies compact containment for { I, Vi

A ( )ds}r>1

To control oscillations, consider € > 0, we can make P(w( [, V fi(pp(s)) - V7 (s)ds,8,T) <

as close to 1 as we like by choosing ¢ sufficient small and r sufficient large.
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Since V(-) = /r(X"(-) = X(-)) = V(-), we have X"(-) = X(-) + %V (-). (r o volume)
This is called the LINEAR NOISE APPROXIMATION. This approxnnatlon is locally good
but not always globally. For example, if the fluid model has two stable fixed points, then
the approximation is good near each of the fixed points, but not good for describing the
transition of the Markov chain from a well containing one fixed point to a well containing
the other. We will discuss some cases of this next time.

By (1) we have

(v, — o) [V Fu(X(8) - V)t + ) fu(X (1)) dWi(0)).

Gronwall’s Inequality Suppose f, g are Lebesgue measurable functions on [0, 7] such that

Mw

k=1

f(t) <g(t) + C/Otf(s)ds vVt € (0,71, (4)

where c¢ is a positive constant. Then
t
ft) <g(t) + c/ e“=g(s)ds vt € [0,T). (5)
0

Proof Let U(t fo s)ds, then for a.e. t,

T = (t) < gt) + U()
- C;_g —cU(t) < g(t)
= e ) < glt)e
= d(Ud—et_Ct) < g(t)e .

Then by doing integration we get for all t > 0,

¢
U(t)e_dé/ g(s)e “ds
0

Substitute in (4) we get f(t) < g(t) + cf(f elt=5)g(s)ds.



