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Last time: {(X",N{,...,Ng, ®7,...,®%)} is C-tight.

Suppose ()_(T, 1), ®@q,..., &)K) is a limit (in distribution) obtained along a sub-
sequence indexed by {ri}2 .

By Skorokhod’s representation theorem, can choose distributionally equivalent
representation such that the convergence is a.s. u.o.c.(uniform on compact time
intervals).

Abusing notation, using the same notation for the distributional representatives,

we have {(X”,N{’“,...,N}}’“,é’{h...,@}?)}il converges a.s. to (X,1(-), ®1,...

_ _ K _ _
Recall: X™(t) = X"(0) + 3 (v] — v))NJ* (@]*(t))
=1

We have a.s.,
e X" — X uniformly on [0, ]
e X"(0) = z¢ (assumption)
o k(1 %/ fi X(s) ds since ®7* (¢ / X” dS where
(er —> fi (X()) uniformly on [0, ] because

— X7 2% X uniformly on [0, ¢]

— f* =25 f; uniformly on compact sets as k — oo (fi*=fi+0(3))

[ (X7(9) = fi (X (5))]
<A (X)) = fr (X ()] + [ fr (X7(5)) = fu (X(5))]

ThuSX”‘()—>xO+Z —vl/ fi (X(s)) ds for each t >0

a(i)K)



So a.s., X satisfies the ordinary differential equation:

v & fL(X(®)
DS wh(X@) =5 |
=1 _
fr (X(1)
X(O) = 2o
where fi(z) = _ﬁl z and S = [v] —v] ... v —vk]

Since f;’s are locally Lipschitz continuous, there is a unique solution to this
ODE, given z.

Follows from this uniqueness plus C-tightness that the whole sequence con-
verges in distribution, and in particular, {)_( "} converges to X in distribution,
the unique solution of the ODE, this is a functional law of large numbers.
(Hydrodynamic limit. Limit is often called a fluid model solution)

Example: S; + 55 % S3

K2

-1 1
X()==z(),S=|-1 1], filz)=Fiz1z2, fo(z) = Roxs

1 -1
day _ = 1R
dt = —R1X1X9 RoX3
dxs ~ 1R
— = —R121X KRoX
dt 14142 243
dl’g ~ ~
—— = RK1T1T2 — K2X
dt 14142 243

Next study fluctuations of X" around X:
Vr(t) = VRXT() = X (1)

Want to study behavior of V" as r — oco. X ~
(If V" = V then informally X"(t) = X (t) + =V"(t) ~ X (t) + #V(t))

T

Recall:
X(1) = X7(0) + ki(v; o ([ () as)
- X0 + i@; o [ [ o) s g ([ Ce) as))

(M) = t+ LNE@, Np() = V7 (N7 (1) ~ 1))



— _ K t —
X(t)=X(0)+ > (vf — vx) /O fr (X(s)) ds

k=1
Thus
V() = Vr<o>+§<v;—vk> [N;; ( / (X)) ds)+ﬁ ( / L (X()) ds / (X)) ds)
+ \/7:< Otfk (X7 (s)) ds — /Ot Ji (X(9)) ds) ]
Let

= vr ([ i [ ) )
=7 ([ ey [ (xe)as)
= ([ 5 () a5

If X" - X as., wo.c.,

o [I| = ’\/;(fot fx (XT(S)) ds — fot fr (XT(S)) ds)’ < M %0
Thus I = 0(-) as r — o0

Ok
87;1
e J% between x and y s.t. fi(y) = fu(z) + Vfie(Z) - (y —2), Vfi = |
gﬁ
This is a consequence of the fundamental theorem of calculus and the

mean value theorem:

fe(y) = fi(z) +/ O (@ Jy;(y — x))dt

= fr(x) + Vi (x+t(y — ) - (y — z) for some ¢ € [0, 1]

Let y = X" (s) and x = X (s) then
II= \/77/0 Vi (p(s)) - (X" (s) — X (s)) ds for some pj;(s) between X"(s) and X (s)
SAACCIRAE

o Ni(u) = u+ Wi(u) + l(u)k(u)
where I(u) = (logu) V 2, sup |[€(u)| = ni < oo (strong approximation)
u>0
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WkT(:) = Wi(-) (another Brownian motion)

Thus

soHI—VVk( f (X7(s )+ sy S (X7 ))d5>)w-fk (r Otf,: (X7(s)) ds),
)

where <log< fo fk XT > = 3 ( / e XT(S)) dS) H:OC>O()

because

o [rreeE)as= [ a )
cafrf ' (X7(s)) i) <m

Hence

K t t
V(0 =V O+ () [W ( / fr (X’“<s>)ds) N / Vi (p(s)) - V7 (s)ds | +¢ (1)

where / fi (X7(s)) ds = / fie (X(s)) ds and ¢"(-) = 0 as r — oo.
0 0
Want to show:
1. {V"} is C-tight.

2. Assuming 1., get {(VT7XT)} is C-tight.

If (V,X) is a limit point, can assume w.l.o.g. that convergence is a.s.,



u.o.c.. Then we obtain from the above that

V(t)=V(0)+ kf:l(v;; — vg) {Wk (/Ot fr (X(s)) ds) + /Ot Vi (X(s)) - V(s)ds}

V(0) + EK:(U; — ) Uot I (X(5))dWi(s) + /Ot Vi (X(s)) - V(s)ds}

k=1

(v}, — o) [ka (X(®) - V(t)dt + 1/ fir (X (t))dV:Vw)]

M=

dv(t) =

~
Il

1



