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1. THE PROHOROV METRIC

Throughout Sections 14, (S, d) is a metric space (d denoting the metric), #(S)
is the o-algebra of Bore! subsets of S, and #(S) is the family of Borel probabil-
ity measures on S. We topologize 9(S) with the Prohorov metric

(1.1) p(P, Q) =inf{e >0: P(F)< Q(F)+¢ forall Fe€¢)

where € is the collection of closed subsets of S and

(1.2) Ft= {x e€S: inf d(x,y) < e}.

yeF

To see that p is a metric, we need the following lemma.

11 temma LetP, Qe #(S)anda, f>0.1f

(1.3 PF)<Q(F)+p
for all F € ¢, then

(1.4) QF)Y < A(F)+ B
forall F e €.

Proof. Given F,e¥,let F; =S — F{, and note that F,e¥¢ and F, = S - F3.
Consequently, by (1.3) with F = F,,

(1.5) P(F})=1-PF)21-QF})—p2QF,)-4
implying (1.4) with F = F,. Min|

It follows immediately from Lemma 1.1 that o(P, Q) = p(Q, P) for all
P, Q € 2XS). Also, if p(P, Q) = 0, then P(F) = Q(F) for all F ¢ ¥ and hence for
all Fe %(S); therefore, p(P,Q)=0 if and only if P=Q. Finally, if
P, O, R € 2S), p(P, Q) < J, and (Q, R) < ¢, then

(1.6) PF)<QF)+6<QF +4
SRP)+d+e<REF*+d+¢

for all F € €, so p(P, R) < 8 + ¢, proving the triangle inequality.
The following theorem provides a probabilistic interpretation of the Proho-

rov metric when S is separable.

12 Theorem Let (S, d) be separable, and let P, Q € #(S). Define .#(P, Q) to
be the set of all u € #(S x S) with marginals P and Q (i, u(A x S) = P(A)
and u(S x A) = Q(A) for all A € 4(S)). Then

(.7 AP, Q)= inf inf{e> 0: u{(x, y): d(x, y) 2 ¢} < ¢€}.

ne AP, Q)



1. THE PROHOROV METRIC 97

Proof. If for some ¢ > 0 and u € .#(P, Q) we have

(1.8) pi(x, y): d(x, y) 2 ¢} < ¢,
then
(1.9) P(F) = (F x §)

< H{F x 8) n {(x, y): d(x, y) <e}) + ¢
SuUSx F)+e=QF)+¢

for all F € €, so p(P, Q) is less than or equal to the right side of (1.7).
The reverse inequality is an immediate consequence of the following lemma.

O

13 Llemma Let S be separable. Let P, Q € Z(S), p(P, Q) <¢, and & > 0.
Suppose that E,,..., Ey € #(S) are disjoint with diameters less than § and
that P(E,) < 8, where Eq =S — (., E,. Then there exist constants c,,...,
cy € [0, 1] and independent random variables X, Y,,..., ¥y (S-valued) and ¢
([0, 1]-valued) on some probability space (€, &, v) such that X has distribu-
tion P, £ is uniformly distributed on [0, 1],

Y, on {XekE,¢2¢) i=1,...,N,
(ll()) Y= N

Yo on {XeE}u |J {(XeE,¢<c}

i

has distribution Q,

(1.11) {dX,Y)=2d+¢e}jc{XeEy U {C < max[——i—: P(E) > 0]},
P(E)

and
(1.12) vdX,Y)20+¢e} <d+e.

The proof of this lemma depends on another lemma.

14 Lemma Let u be a finite positive Borel measure on S, and let p; > 0 and
A e AS)fori=1,...,n Suppose that

(1.13) Y P.'Sll(U A,) forall I<{l,...,n}.

iel iel

Then there exist positive Borel measures 4,,...,4, on § such that 1{4,) =
AS)=pifori=1,...,nand Y1, 1(A) < u(A)for all A € &(S).

Proof. Note first that it involves no loss of generality to assume that each

pi>0.
We proceed by induction on n. For n = 1, define 4, on 4(S) by 4,(A) =
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py (A N A,)/u(A,). Then 4,(A,) = 4,(S) = p,, and since p, < u(4,) by (1.13),
we have 4,(4) < (A n A,) < u(A) for all A € 4(S). Suppose now that the
lemma holds with n replaced by m for m=1,...,n — 1 and that y, p,;, and
A; (1 < i < n) satisfy (1.13). Define n on #(S) by n(4) = w4 ~ A,)/u(A,), and
let ¢, be the largest ¢ such that

(1.14) Y pis(u—en UA‘) forall Ic{l,...,n—1}.

iel iel

CasE 1. g 2 p,. Let 4, =p,n and put u' = u— 4A,. Since p, < u(4,) by
(1.13), 4’ is a positive Borel measure on S, so by (1.14) (with ¢ = p,) and the
induction hypothesis, there exist positive Borel measures 4,,...,4,_, on §
such that 4(4) = A(S)=p,fori=1,...,n— 1 and Y2} 1(A4) < u'(A) for all
A € B(S). Also, (A,) = 1(S) = p,, s0 4,,..., A, have the required properties.

CASE2. €5 <p,. Put 4 = pu—ggn, and note that y' is a positive Borel
measure on S. By the definition of &, there exists Iy < {l,...,n~ 1}
(nonempty) such that

(1.15) Y p,Sy'(U A,) forall Ici,
{

iel el

with equality holding for I =1,. By the induction hypothesis, there exist
positive Borel measures A; on S, i € I, such that A{A,) = A(S) = p, for each
iclyand Y, ,A(A4) S p'(A) for all A € A(S). Let p;=p, fori=1,...,n~1
and p, =p, ~&. Put By =|Js1,4;, define y” on R(S) by u"(4) = y'(4)
— (A~ By),andlet I, = {l,...,n} — I,. Then, forall I c I,,

(1.16) 2 p+uB)= Y p

iel ielule

(0.4
ielulo
= u’( U A‘) + u'(Bo) - u’(‘U’ A4 n Bo)

iel
= #"( U Al) + p'(Bo).
iel

Here, equality in the first tine holds because equality in (1.15) holds for ! = I,
while the inequality in the second line follows from (1.14) if n ¢ I and from
(1.13)if n € I, more specifically, if n € I, then

(L17) ¥ p}s;t( U A,)-—ao=;4’( U A,).

ieluio ielvuly ielulp
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By (1.16),

(1.18) Y p}g;f’(U A,) forall Ic<l,,
iel iel

so by the induction hypothesis, there exist positive Borel measures 4; on S,

iel,, such that 2(A,) = A{(S) = p| for each ie [, and } ., ,4(A4) < u'(A) for all

A e B(S). Finally, let 4, = A, for iel, — {n} and 4, = A, + gon. Then 1(A) =

A(S) = p,foreachie l, hencefori=1,...,n, and

(1.19) Y A= }‘7 AA) + Y A(A)
i=1 ielo {ely
= Y A0 B+ 3 A(A)+ egn(A)
ielo iely

< W(A 0 By) + u(A) + eqn(A)
= W(A) + e n(A)
= u(A)
for all 4 € A(S),s0 4,,..., 4,again have the required properties. 0

1.5 Corollary Let u be a finite positive Borel measure on S, and let p, 2 0
and 4, e #(S)fori=1,.. ., n Lete >0, and suppose that

(1.20) Y p,Su(U A,)+c forall 1c<{l,...,n}
iel tel
Then there exist positive Borel measures 4,,...,4, on S such that 1(4,) =

M) spifori=1....n Y . A8) 23 -, p—¢ and Y., 2(A) < u(A) for
all 4 € #(S).

Proof. Let S'=S U {A}, where A is an isolated point not belonging to .
Extend u to a Borel measure on S’ by defining u({A}) =e. Letting 4] =
A, v {A}fori=1,...,n, we have

(1.21) Y p,su(U A;) forall I<{l,....n}.
lel iel

By Lemma 1.4, there exist positive Borel measures ),...,4, on §’ such that

MAY=A(SY=pfori=1,...,nand Y., A(A) < p(A) for all A € #(S’). Let

A; be the restriction of A; to 4(S) for i =1,...,n. Then A(A,) = A(A) <

A{A)=p,and 1(S — A) =S — A)=0fori=1,...,n. Also,

122) 3 A8 =i2":‘ [~ AN 2 3 pi— u{AD = 3 pi—¢
= =1

i=1 i=1

and Y1, A(A) = Y 7., A(A) < p(A) for all A € H(S). a
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Proof of Lemma 1.3 Let P,Q,¢,6,and E,, ..., Ey be as in the statement of the
lemma. Let p, = P(E)and A, = E{fori=1,...,N. Then

(1.23) Zp‘sP('U—E,')sQ(U A‘)+e forall I<f{l,...,N},

iel lel iel

so by Corollary 1.5, there exist positive Borel measures 4,,...,4y on S such
that 1(A) = A(S) < p;fori=1,... N,

N N
(1.24) ' ‘2‘ M)z Y pi—e

imq
and YN, 6 2(A) < Q(4) for all AedS). Define c,...,cye[0,1] by
¢, = (p, — A{S))/p,, where 0/0 =0, and note that (1 —c)P(E) = A(S) for
i=1, ..., Nand P(Eg) + Y., c,P(E) =1 — Y[, 2(S). Consequently, there
exist @y, ..., Qy € #(S) such that

(1'25) Ql(Bxl - CI)P(El) = 1‘(8), i= 10 LR} N;
and

N N
(1.26) Qo(B)(P(Eo) + ,Z‘ ¢ P(Ea)) = ((B) —- ‘Zl A(B)
for all B e 2(S).

Let X, Y,,..., Yy, and ¢ be independent random variables on some prob-
ability space (Q, #, v) with X, Y,,..., Yy having distributions P, Q,,...,Qx
and ¢ uniformly distributed on [0, 1]. We can assume that Y;,..., Yy take
values in A,,..., Ay, respectively. Defining Y by (1.10), we have by (1.25) and

(1.26),
N
(1.27) v{Y e B} = Z Q«BX1 — ¢)(E)

i=]
i=]

N
+ Qo(B)<P(Eo) + 3 C:P(E;))

=Q(B)

for all Be 4(S) Noting that {XeE, ¢(2c¢}lc{XeE, YeA}c
{dX,Y)<d+¢}fori=1,...,N, we have

N
(1.28) [dX,Y)2o+e)c{XeE)ul) (XeE,¢<c)

<:{Xe£,,}u{lf<§}l :}l

c{XeEy)} v {f < max [l—’(—ii.,) PE) > 0]}.



1. THE PROHOROV METRIC 101

where the third containment follows from p, — A(S) K efori=1,..., N (see
(1.24)). Finally, by the first containment in (1.28) and by (1.24),

N
(1.29) v{d(X, Y) 26 + e} S P(Eg)+ Y ¢ P(E)

=1

N
= P(Eo) + ¥ (pi — ALS)

i=1

<d+e 0

16 Corollary Let (S, d) be separable. Suppose that X,,n=1,2,...,and X
are S-valued random variables defined on the same probability space with
distributions P,, n = 1, 2,..., and P, respectively. If d(X,, X)-- 0 in probabil-
ity as n— oo, then lim, . p(P,, P) = 0.

Proof. For n=1, 2,..., let u, be the joint distribution of X, and X. Then
tim, ., #{(x, ¥): d(x, y) 2 €} =0 for every € > 0, so the result follows from

Theorem 1.2. ]

The next result shows that the metric space (#(S), p) is complete and sepa-
rable whenever (S, d) is. We note that while separability is a topological pro-
perty, completeness is a property of the metric.

1.7 Theorem If S is separable, then 2(S) is separable. If in addition (S, d) is
complete, then (#(S), p) is complete.

Proof. Let {x,} be a countable dense subset of S, and let 3, denote the
element of #(S) with unit mass at x € §S. We leave it to the reader to show that
the probability measures of the form Y ., a,4,, with N finite, q, rational, and
YN, a; = 1, comprise a dense subset of #(S) (Problem 3).

To prove completeness it is enough to consider sequences {P,} < 2(5) with
p(Pn_y, P) <2 "foreachn>2 Forn=2,3,...,choose E{",..., E}) € #(S)
disjoint with diameters less than 27" and with P,_ (E$") < 2", where E® = §

— ¥, E™. By Lemma 1.3, there exists a probability space (Q, #, v) on
which are defined S-valued random variables Y{",..., Y, n=23,...,[0,1)-
valued random variables ¢™, n = 2, 3,..., and an S-valued random variable
X, with distribution P,, all of which are independent, such that if the con-
stants ¢'",...,c’ e [0,1], n=2, 3,..., are appropriately chosen, then the
random variable

Y™ on {X, ,e EME>cM), i=1...,N,,
(130 X, = Ne

YQ on (X, ,eEQ}u | (X, e EP <}

i=1
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has distribution P, and

(1‘31) v{d(Xn—l’Xn)22~.+‘} 52—'+"

successively for n = 2, 3,... . By the Borel-Cantelli lemma,

{1.32) v{ Y dX,-,, X)< oo} =1,
=2

so by the completeness of (S, d), lim,_,, X, = X exists as. Letting P be the
distribution of X, Corollary 1.6 implies that lim,_.. , po(P,, P} = 0. 0

As a further application of Lemma 1.3, we derive the so-called Skorohod
representation.

1.8 Theorem Let (S,d) be separable. Suppose P,, n=1, 2,..., and P in
#(S) satisfy lim,., p(P,, P} =0. Then there exists a probability space
(Q, #, v} on which are defined S-valued random variables X,, n=1, 2,...,
and X with distributions P,, n=1, 2,..., and P, respectively, such that

lim,.. X, = X as.

Proof. For k=1, 2,..., choose EP,..., EY) € #(S) disjoint with diameters
less than 27* and with P(EY) < 27* where E§’ = S — (™, E{*, and assume
(without loss of generality) that & = min, ; y P(EY) > 0. Define the
sequence {k,} by

(1.33) k, = max {1} u{kzl:p(P.,P)<£k‘i},

and apply Lemma (3 with@ = P,,e=¢,/k, il k, >l and ¢ = p(P,, P} + l/n
ifky=1,6=2"" E = E* and N= N, forn=1,2,.... We conclude that
there exists a probability space (Q, #, v} on which are defined S-valued
random variables Y§",..., Y%, n=1,2,..., a random variable { uniformly
distributed on [0, 1], and an S-valued random variable X with distribution P,
all of which are independent, such that if the constants c{",...,cf € [0,1],
n=1,2,...,are appropriately chosen, then the random variable )

Y}"' on {X € E}k-', 6 2 CS"’}, i=1,... ’ Nk,.’
1.34 X, = N
(139 YP on {XeEf}u U {X € EM, & <™}
i=1
has distribution P, and

(1.35) {d(x,,, X)2 204 %“—!}

< {X € E§"} u{¢<ki} if k,>1
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forn=1,2,....lf K, = min,,, k, > 1, then

(1.36) v( U {d(x,,, X)z 27+ %‘-’!})
< Y vXeEP+ v{C < —L}
k=Ky Ku
<27 Kt 1
K,’
and since lim,, ., , K, = o0, we have lim,. , X, = X as. 0

We conclude this section by proving the continuous mapping theorem.

1.9 Corollary Let (S, d) and (S', d) be separable metric spaces, and let
h: §— §’ be Borel measurable. Suppose that P,, n=1, 2,..., and P in #(S)
satisfy lim,_. ., p(P,, P) = 0, and define Q,,n = 1,2,..., and Q in #(S’) by

(1.37) Q,=P,h', Q=Ph"

(By definition, Ph~'(B) = P{s € S: h(s) € B}.) Let C, be the set of points of S at
which h is continuous. If P(C,) = 1, then lim,_ . p'(Q,, Q) = 0, where p' is the
Prohorov metric on 2(S’).

Proof. By Theorem 1.8, there exists a probability space (Q, #, v) on which are
defined S-valued random variables X,,n =1, 2,..., and X with distributions
P,, n=1, 2,..., and P, respectively, such that lim,._ X, = X as. Since
v{X € C,} = |, we have lim,. , h(X,) = h(X) as., and by Corollary 1.6, this
implies that lim, , , p'(Q,, @) = 0. 0

2. PROHOROV'S THEOREM

We are primarily interested in the convergence of sequences of Borel probabil-
ity measures on the metric space (S, d). A common approach for verifying the
convergence of a sequence {x,} in a metric space is to first show that {x,} is
contained in some compact set and then to show that every convergent sub-
sequence of {x,} must converge to the same element x. This then implies that
lim, ., x, = x. We use this argument repeatedly in what follows, and, conse-
quently, a characterization of the compact subsets of #(S) is crucial. This
characterization is given by the theorem of Prohorov that relates compactness
to the notion of tightness.

A probability measure P € 2(S) is said to be tight if for each &€ > 0 there
exists a compact set K = § such that P(K) > 1 — ¢. A family of probability
measures # < P(S) is tight if for each £ > O there exists a compact set K  §



