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1 Biochemical Reaction Networks

(8,C,R), where S is a finite set of species {A1,...,A,}, C is a finite set of
complexes (left and right hand sides of reactions) {v € Z'} }, and R is a finite

. K
set of reactions {v — v'}.

2 Markov Chain Model
Xi(t)

X(t) = : , t>0,
X (t)

where X;(t) is the number of molecules of species ¢ available at time ¢.

Let Ni,..., Ng be independent rate one Poisson processes where K is the
number of reactions. Then we have the ‘microscopic stochastic model’:

X(1) = X(0) + ém (/ t MG ) - (0= )

3 Mass Action Kinetics

. K . . . .
For the k' reaction, v =5 v;,, with mass action kinetics,

)\k(:v) = Kk H Vik! (V.’L';)
i=1 ¢

where x; is the number of molecules of species i currently available, i = 1,...,n.

If V is the volume for the system, Gillespie’s argument gives that
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where mj = Z?:l v;k, the number of molecules consumed in reaction k.

Example.
A+2B—C,mi =3
A—0,mp=1

0 — A, my=0.

Assume that for each k, K, = % where Ry, is independent of V.
Assume that » =V goes to oo through a sequence, i.e, r,, — 00 as m — oo.
4 Sequences of Networks

Now, A (z) = rRpr™ ™ [T}, xi(x; — 1) - - - (x; — vip + 1). Thus, setting ¢; = &
fori=1,...,n, we have
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In the rth system,
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Assume that X" (0) = X, as 7 — oo where Xj is a finite random variable.

Now {X"} is a sequence of processes in D([0,00),R%,), where RZ is the
n-dimensional closed positive orthant.

5 Criterion for C-tightness

Recall that {X"} is C-tight if for each T > 0, € > 0, there exist §* = d(¢,T),
K* = K(e,T) and r* = r(¢,T) such that for all r > r*,

(i) P(|X"(")||r = K*) < € (compact containment)

(ii) P(w(X",8*,T) > ¢€) < € (control of oscillations).

6 Strong Approximation

By the strong approximation result, we can choose the probability space on
which Ny, ..., Ng are defined such that it also supports independent standard
one-dimensional Brownian motions W7, ..., Wx where
Ni(t) —t — Wi(t
n(t) = 10 k(), t>0k=1,...,K
log(t) V V2




satisfies & = supysq |7k (t)| < oo a.s. for each k, and E[e®**] < oo for each k, for
some o > 0. Define [(t) = log(t)V v/2. Then Ny (t) = t+ Wy (t)+1(t)nk(t), t > 0.

Back to the X" (t) equation:
¢
0
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+é %l (r /Ot fﬁ(ffr(s»ds) Mk (r /Ot f,:(XT(s))ds) (vh — v1).

XT) = XT<0>+kZi§( [ rsicenonas) o - )

7 “Mass” of Network

A diagram was drawn of a continuous flow stirred tank reactor with a conser-
vative reaction system inside and with additional inflows and outflows. Inflow
reactions are of the form ) — A; and outflow reactions are of the form A4; — 0.

Definition 1. (Conserved quantity) A vector m € R% is a conserved quantity
for reaction k if m - (v}, — vg) = 0.

If m is conserved for all of the reactions, then m - X" (t) = m - X"(0) Vt > 0.

Example:
-1
A+B—C, S=[|-1]=@0-v)
1

then m = (1,1,2) is a conserved quantity. At this point a picture was drawn of
the simplex given by {z € R3, : m -2 = dy} for some dy > 0, indicating a set
in which the dynamics will constrain the stochastic process X" when starting
with a deterministic initial condition.

Suppose that a subset indexed by k =1, ..., K7 of the reactions are conser-
vative (i.e., there is m € RZ such that m - (v, — 1) =0, k=1,...,K;), and
the reactions indexed by k = K7 + 1, ..., K5 for some K9 > K;, correspond to
outflows (so that v}, — v, = —v, for these reactions) and the reactions indexed
by k= Ks+1,..., K correspond to inflows (so that vy = 0 for these k).

Then,

K t
_ _ 1 _
m-X"()<m-X"0)+ Y. N < / sz(XT(s))ds)m-v,;
T 0 N——"
k':{fftl dg,

For an inflow reaction indexed by k, this reaction has the form () — A; for
some species A; and f;(c) = Ri (no concentrations involved). This yields a



major simplification of the above expression where we now also incorporate the
strong approximation:

_ d
meXT(t) < m-XT0)+ Y etk + Wi(rthe) + L(rth ) (rti)]
E>Ko+1 "
< m-XT0)+ Y diti
E>Ko+1
log(rtig) V V2 Wi (rti
+ Z dk|§k|—g( k) + Z dkik( k).
E>Ko+1 r E>Ko+1 r

Note that by the ‘time is like distance squared scaling of Brownian motion’,

Wi (rfg-) dist ~Whr(Rr-)
r =V r

=0 asr — oo.

It then follows from this and the inequality above that, with high probability,
we can find a uniform bound on m - X" on the time interval [0, 7] for all r
sufficiently large. That is, given T > 0 and € > 0, there is K* = K(¢,T),
r* = r(e,T) such that for all » > r*,

P(|lm-X"()llr = K*) <e.

Since m > 0, it follows from this that there is a suitable constant K* such that
for all r > r*, - R
P([X"()llr = K7) <e.

This gives us compact containment. We shall deal with oscillations next
time.



