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Notetaker: Teng Gao
T.G.Kurtz, Strong approximation theorems for density dependent Markov chains,
Stochastic processes and their applications, 6 (1978), pg. 223-240.

Fluctuation process

U = VX - X0)
= PO+ R0 - )+ T ([ U - 0 ) 04
+Z</ V fr(p ))f/r(s)ds) (v, — Vi)
(%)
where

B0) = [ RO ()
Here, p"(s) is between X7 (s) and X (s).

We know
0), > N @R Wr = va), X7() = (V(0), Y W@ () (v, — vi), X ()
k k

Since {X"} converges to X, which is continuous, we have {X"} is C—tight. In
particular, for each T' > 0, and € > 0, there exist K1, 1, such that

(%) P(IX"()llr > K1) <e Vo>
Recall that in the expression of V", fi and fj are given by the following:

i@ = [[e <c—%><c—VTk+%>

i=1
fr(e) = Hc;’““
It follows that there exist K5, ro such that

P (I8 () = X > 152 < Vi,

Hence,
= SV [ ) ~ A E)ds( =) =0 asr o0
L 0

or equivalently, for each T' > 0, € > 0, there is r3 such that
P(I"(C)lr >e) <€, Vr=rs.
It follows from (x) that there is K4 and r4 such that
P(IVfx(llr > Ka) <¢, Vr>ry, Vk.

Our aim now is to show that {V"} is C'—tight.
1



Recall Gronwall’s inequality: suppose that f, g are real valued functions that are
Lebesgue integrable on [0, 7] and such that for some C > 0,

t
£(6) < g() +c/ F(s)ds, ¥V t € [0,T].
0
Then,

t
ft) < ()+c/ Ct=9)g(s)ds, ¥t € [0,T).

0

Given T > 0 and € > 0 there exist K5, rs such that

P(|V7(0) + ZN;C (PN Wr —vi) + ¥ ()]lr < K,

Ks
Vi (Dllr < ——5 =1,
VA Ol < ot

when r > r5. Call the set of which the probability is taken on the left side above
the “good set”. On the good set, we have

K5+ (Z/ W' /7 ()| ds|v _l/k|>

< K5+/ K5V (s)|ds Vtelo,T).
0

K)y>1-—c¢

V7 (1)

IN

By Gronwall’s inequality, on the same set

t
V() < Ks +K5/ X5 (=9 Ko ds
0
< Kg(T) vtelo,T).
Hence R
POIV"()llr < Ke(T)) 21— Vr > rs.

Thus, we have the necessary oscillation control of the last term (xx) for C—tightness.
It follows that {V"} is C—tight.

Consider a weak limit point V of {V"}. Without loss of generality, can as-
sume the convergence of a subsequence of {VT} to V is also joint with the same
subsequence of {(V7(0), Y, NI (®%()(vh — vi)), 7 (-))}. The limit V will satisfy

0+ (/ t ol (s)ds) CD> (/ VA(X()- V(s ) (),

vit>0.
V' is equivalent in law to a solution of

0+ ([ VAo e) oi-n DY ([ vaxe) Vs wn)

The S.D.E for V has a unique solution in law. Hence, {V"} in fact converges to
V (or V). B B
We have shown that /r(X"(-) — X(-)) = V as r — oo. We can interpret this as
. . 1
X"()—-X()~=—=WV.
()= X() 7
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This is called the functional central limit theorem approximation or the Van Kam-
pen approximation. A special case is when X(t) = zg, Vt > 0 where xo is an
equilibrium point for fluid model.

Another Diffusion Approximation
We have

X"(t) = X" E Vg, (7 tr_rs s ) (v,—v, TT_TS s ) (v,—v
X0 = X703 S8 v [ 500 60 O+ 3 ([ 50 6] 0w
We use { X"} to approximate { X"}, where

X(t) = X (0)+ - > g t ol (3)ds) vy (/ t AR (o))ds ) 0 -1n)

Now Wi(-) = Wf/(;') is a Brownian motion and we can rewrite X" as:

X0 = x4 ([ t A eas ) h-m)+ 3 ([ t X ())ds ) -1
k k

From Kurtz’s paper, if

Ty = inf{t>0:|X"(t)| V|X"(t)] > m}

then we have:

_ ~ lo
sup | X7(t) — X"(t)] < F%ﬁ a.s
tE[0,TAT ] r
The above approximation is often called the Langevin approximation or the diffu-

sion approximation.

Queueing Models
Consider a single server GI/GI/1 queue (here GI indicates a sequence of i.i.d.
random variables).

FIFO
< S —

We let
Q(t) = queue length at time t
Q) + A(t) - D(t)
—~— ——

# of arrivals up to time t  # of departures up to time t

Here, we rewrite D(t) as S(T'(t)) where S is the renewal process that goes with
the i.i.d service times, and S(¢) is the number of service completions that would
occur by time ¢ if the server never idles. We let T'(¢) be the busy time of the server
up to time t, and it can be expressed as: T'(t) = fot 1{q(s)>01ds

From the fluid model, we have:

Oy = LD _ QO A STE)

r r r r
and Q" = Q. We also write

S(rt) _ S ey < L0t
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{T"} is tight. Let T be a weak limit point of this sequence. Then we can write
Q(t) = Q0) + At — puT(t) = Q(0) + (A — p)(t) + pI(t)
where, I(t) is the idle time and I(t) = t — T(t), so that I"(t) = £t — @ and

I(t) =t —T(t). Notice I(-) increases only when Q(-) is zero.



