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Abstract

Stochastic models of complex networks arise in a wide variety of ap-
plications in science and engineering. Specific instances include high-
tech manufacturing, telecommunications, computer systems, service
systems and biochemical reaction networks. There are challenging
mathematical problems stemming from the need to analyse and con-
trol such networks.

This course will describe some general mathematical techniques
for modeling stochastic networks, for deriving approximations at var-
ious scales (especially deterministic differential equation and diffusion
approximations), and for analyzing the behavior of these models. Ap-
plications to queueing networks and biochemical reaction networks
will be used to illustrate the concepts developed.

The mathematical topics covered will include path spaces for stochas-
tic processes, weak convergence of processes, fundamental building
block processes and invariance principles, quasireversibility and sta-

tionary distributions for Markov processes, and others.
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A Background

A.1 Notation

For each integer d > 1, let R? denote d-dimensional Euclidean space and let

Ri denote the d-dimensional non-negative orthant
{reRY: x=(x1,...,24), 2, >0fori=1,... d}.
We will use the following norm on R%:

|z| = 121%}2‘:64’ r € R% (1)

We endow R? with the o-algebra of Borel sets. When d = 1, we will omit
the qualifying superscript d.

A.2 Stochastic Processes

A d-dimensional stochastic process is a collection of random variables X =
{X(t),t > 0} defined on a common probability space (2, F,P) and taking
values in R%. In particular, for each ¢t > 0, the function X (¢) : Q — R? is
measurable, where () is endowed with the o-algebra F and R? is endowed
with the Borel o-algebra. We shall often write X (¢,w) or X;(w) in place of
X(t)(w) for t > 0, w € . Such a stochastic process X is said to have r.c.l.L
(sample) paths if for each w € €2, the function t — X (¢,w) from [0, co) into
R? is right continuous on [0, 00) and has finite limits from the left on (0, co).
Here r.c.1.l. stands for “right continuous with finite left limits”. The acronym
cadlag for the equivalent French phrase is used by some authors instead of
r.c.l.l. The stochastic process X is said to have continuous (sample) paths if
for each w € Q, the function ¢t — X (¢, w) is continuous from [0, co) into R

We will be concerned with the construction of, and convergence in dis-
tribution of, d-dimensional stochastic processes having continuous paths or
r.c.L.l. paths. The next few sections summarize some basic definitions and
properties needed for this. For more details, the reader is referred to Billingsley
(1999) or Ethier and Kurtz (1986) or Jacod and Shiryaev (1987).
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A.3 Path Spaces
A.3.1 Definitions and Topologies for C? and D¢

For d > 1, let C? = ([0, ), R?) denote the space of continuous functions
from [0,00) into RY. When d = 1, we shall suppress the superscript d.
We endow C? with the topology of uniform convergence on compact time
intervals. Let D¢ denote the space of functions from [0,00) into R? that
are right continuous on [0, 00) and have finite left limits on (0, 00). When
d = 1, we shall suppress the superscript d. An element z € D only has
discontinuities of jump type and there are only countably many points in
(0, 00) where x has a jump discontinuity. We endow D¢ with the (Skorokhod)
Ji-topology. There is a metric my, on D? which induces this topology and
under which the space is a complete, separable metric space (i.e., a Polish
space). For our purposes, we do not need to know the precise form of this
metric, rather it will suffice to characterize convergence of sequences in the
Ji-topology. For this, let I' denote the set of functions v : [0, 00) — [0, 00)
that are strictly increasing and continuous with v(0) = 0 and lim; ., y(t) =
oo. (In particular, ¥ maps [0,00) onto [0,00).) A sequence {z,}°°, in D?
converges to € D¢ in the J;-topology if and only if for each T' > 0 there is
a sequence {7v,}>2, (possibly depending on T') in I" such that

sup |[v.(t) —t| -0 asn — oo, and (2)
0<t<T

sup |, (yn(t)) —z(t)] = 0 asn — occ. (3)
0<t<T

If z is in CY, {z,,}°°, converges to z in the Jy-topology if and only if {z,,}°°,
converges to x uniformly on compact time intervals. In particular, with the
topologies described above, C? is a topological subspace of D?. For later use,
for each T' > 0, we define

|||z = sup |z(t)], for z € D% (4)
te[0,7



We note in passing that one may endow D with the topology of uniform
convergence on compact time intervals. However, this topology is finer than
the Ji-topology and ID? with this topology is not separable.

Remark. The reader is cautioned here that for positive integers d and k,
the product space C? x C* is the same topologically as the space C¥+*,
because a sequence of functions {z"} in C¢ say, converges uniformly on each
compact time interval if and only if each component function 7,7 =1,...,d,
converges uniformly on each compact time interval. On the other hand, the
product space D?xD* is not the same topologically as the space D* because
in defining the J;-topology a change of time scale (given by functions 7, cf.
(2)), is used and this may be different for two sequences taking values in the

two spaces D¢ and D, respectively.

For the purpose of defining measurability, we endow C? with the Borel o-
algebra associated with the topology of uniform convergence on compact time
intervals; this agrees with the o-algebra C? = o{x(t) : 2 € C¢ 0 <t < oo}
which is the smallest o-algebra on C? such that for each ¢ > 0, the projection
mapping = — x(t), from C? into R?, is measurable. We endow the space D?
with the Borel o-algebra associated with the Ji-topology; this agrees with
the o-algebra D? = o{z(t) : # € D? 0 <t < co}. As usual, when d = 1, we
shall omit the superscript d.

Consider a d-dimensional stochastic process X defined on a probability
space (2, F,P). If X has r.c.l.l. (resp. continuous) paths, then w — X (-, w)
defines a measurable mapping from (Q, F) into (D¢, D?) (resp. (C¢,C?)) and
it induces a probability measure 7 on (D¢ D9) (resp. (C%,C%)) via m(A) =
P({w: X(-,w) € A}) for all A € D? (resp. C?). This probability measure 7
is called the law of X.

A.3.2 Compact Sets in D¢

To develop a criterion for relative compactness of probability measures asso-
ciated with d-dimensional stochastic processes having r.c.l.l. paths, we need a

characterization of the (relatively) compact sets in D? with the J;-topology.
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Definition A.1. For each x € D%, § > 0 and T > 0, define

w'(z,6,T) =inf max sup |z(s) — x(t)]

{ti} ? S,tE[tifl,ti)

where {t;} ranges over all partitions of the form 0 =ty < --- <t,_1 < T <,
with min(t; — ¢;_1) > 0 and n > 1.

Remark. This definition is slightly different from that in Billingsley (1999)
and is taken from Ethier and Kurtz (1986), p. 122. The notation w'(z,d,T)
is used rather than simply w(zx, §,T") because w(x,d,T) is commonly used for
the usual modulus of continuity. The quantitly w’(z,d,T) is often called a

modified modulus of continuity.

Proposition A.2. For each z € D* and T > 0,

lim w'(z,0,T) = 0.

6—0

For each § >0 and T > 0,w'(-,8,T) is a Borel measurable function from D?
nto R.

Proof. See Ethier and Kurtz (1986), Lemma 3.6.2. O

Proposition A.3. A set A C D? is relatively compact if and only if the
following two conditions hold for each T > 0:

(i) sup ||z]|r < oo,
z€A

(11) im sup w'(x,0,T) = 0.
0—0 ycA

Proof. See Ethier and Kurtz (1986), Theorem 3.6.3. O

Remark. One can replace condition (i) by the following and then the same
result holds:

(¢)" for each rational ¢t € [0, T, sup |z(t)| < oo.
€A



A.4 Weak Convergence of Probability Measures
A.4.1 General Definitions and Results

Let (M, m) be a complete separable metric space where M denotes the set
and m is the metric. Let M denote the o-algebra of Borel sets associated

with the topology induced on M by m.

Definition A.4. A sequence of probability measures {m,}5; on (M, M)

converges weakly to a probability measure m on (M, M) if and only if

/fdﬂ'n—>/fd7'f as n — 00
M

M

for each bounded continuous function f: M — R.

Definition A.5. A family of probability measures IT on (M, M) is (weakly)
relatively compact if each sequence {m,}>%, in Il has a subsequence that

converges weakly to a probability measure 7 on (M, M).

Definition A.6. A family of probability measures IT on (M, M) is tight if
for each £ > 0 there is a compact set A in M such that

m(A) >1—¢ forall mell

Theorem A.7 (Prohorov’s Theorem). A family of probability measures

on (M, M) is tight if and only if it is (weakly) relatively compact.

Proof. See Billingsley (1999), Theorems 5.1 and 5.2, or Ethier and Kurtz
(1986), Theorem 3.2.2. O

Remark. The “if part” of this proposition uses the fact that the metric

space (M, m) is separable and complete.

Corollary A.8. Suppose that {m,}>°, is a tight family of probability mea-
sures on (M, M) and that there is a probability measure m on (M, M) such
that each weakly convergent subsequence of {m, }°2 | has limitw. Then {m,}>,

converges to .



Proof. See Billingsley (1999), p. 59. O

The following theorem is often useful for reducing arguments about con-
vergence of probability laws associated with stochastic processes to real anal-
ysis arguments based on almost sure convergence of equivalent distributional

representatives for those processes.

Theorem A.9 (Skorokhod Representation Theorem). Suppose that
m and {m,}5°, are all probability measures on (M, M) and that {m,}>>,
converges weakly to m. Then there exists a probability space (Q, F,P) on
which are defined M-valued random variables X and {X"}>2, such that X
has distribution w, X" has distribution w, forn = 1,2,..., and X" — X

P-a.5. as n — oo.

Proof. See Ethier and Kurtz (1986), Theorem 3.1.8. O

A.4.2 Tightness of Probability Measures on D¢

Combining the characterization of relative compactness in D¢ with Pro-

horov’s Theorem yields the following.

Theorem A.10. A sequence of probability measures {m,}°°, on (D¢, DY) is
tight if and only if for each T"> 0 and € > 0,

(i) Jim limsup m,({z € D¢ : ||z||7 > K}) =0,

n—o0

(1) (lsiII(l) limsup 7,({x € D?: w'(x,8,T) > e}) =0,

n—oo

Proof. See Ethier and Kurtz (1986), Theorem, 3.7.4, or Billingsley (1999),
Theorem 16.8. U

Remark. Condition (i) can be replaced by the following and then the above
theorem still holds:

(i)’ for each rational ¢ € [0, 7], I}im limsup m,({z € D?: |z(t)] > K}) = 0.
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A.5 Convergence in Distribution for Stochastic Pro-

cesses
A.5.1 Types of Convergence

Suppose that X, X™,n = 1,2,..., are d-dimensional stochastic processes
with r.c.l.l. paths (these processes may be defined on different probability
spaces). Let 7 denote the law of X and for each n = 1,2,..., let m, denote
the law of X™. The sequence of processes {X"}2, converges in distribution
to X if and only if {m,}>°, converges weakly to m. Some authors abuse
terminology and say that {X™}>2 | converges weakly to X. We denote such
convergence in distribution by X" = X as n — oc.

Suppose that X and {X"}5°, are all defined on the same probability space
(Q, F,P). Then {X"}22, converges to X almost surely (resp. in probability)
if and only if lim,,_,o my, (X™(w), X (w)) = 0 for P-almost every w € € (resp.
for each ¢ > 0, lim,, oo P(w € Q : my, (X™"(w), X (w)) > &) = 0). (Here my,
is the metric introduced previously which induces the .J;-topology on D<.)
We denote the almost sure convergence by X" — X a.s. as n — 00, and we
denote the convergence in probability by X™ — X in prob. as n — oo. If
{X™}2 | converges to X almost surely or in probability, then {X"}> ; con-
verges in distribution to X. Conversely, if {X™}5°, converges in distribution
to X and X is a.s. constant, then {X"}> | converges in probability to X as

n — oQ.

A.5.2 Tightness and Continuity of Limit Processes

The following criterion due to Aldous often provides a convenient mechanism
for verifying tightness of the laws associated with d-dimensional stochastic

processes having r.c.l.l. paths.

Theorem A.11. Let {X™}32, be a sequence of d-dimensional stochastic pro-
cesses with r.c.l.l. paths. Then the probability measures induced on D by
{X™}>2 | are tight if the following two conditions hold for each T > 0:
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(i) I}im limsup P(|| X"||r > K) =0,
(it) for each € > 0,7 > 0, there are positive constants d., and n., such
that for all 0 < 6 < 6., and n > ng,,

sup B(|IX"(r +8) = X"(7)] > ) <1

f
TE’Z-[O,T]

where T[({T]

generated by X™ that take values in a finite subset of [0,T].

denotes the set of all stopping times relative to the filtration

Proof. See Billingsley (1999), Theorem 16.10. O

The following proposition provides a useful criterion for checking when
a sequence of d-dimensional stochastic processes with r.c.l.l. paths has as-
sociated laws that are tight and whose limit points are concentrated on the
set of continuous paths C?. (We say such a sequence of laws is C-tight and

(with an abuse of terminology) we sometimes say the sequence of processes
is C-tight.)

Proposition A.12. Let {X"}>2 | be a sequence of d-dimensional processes
with r.c.l.l. paths. Then the sequence of probability measures {m,}5, in-
duced on D? by { X"}, is tight and any weak limit point of this sequence is
concentrated on C¢ if and only if the following two conditions hold for each
T >0 ande > 0:

(i) limg_ o limsup, . P(||X"||lr > K) =0,
(i) lims_olimsup,,_ . P(w(X™ §,T) >¢) =0,

where for x € D?,

w(x,5,T):sup{ sup |z(u) —z(v)] : 0§t<t+5§T}. (5)

u,vE[t,t+4]

Proof. See Proposition VI.3.26 in Jacod and Shiryaev (1987). O
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A.5.3 Continuous Mapping Theorem

Theorem A.13 (Continuous Mapping Theorem). For fized positive in-
tegers d and k, let hy, n = 1,2,..., h be measurable functions from (D%, D?)
into (D*, D). Define

Cp={zeD?: h,(2,) = h(z) in D* whenever x,, — x in D}.
Let X, X" 'n = 1,2,..., be d-dimensional stochastic processes with r.c.l.l.

paths such that X™ = X asn — oo and P(X € Cy) = 1. Then h,(X") =
h(X) as n — oo.

Exercise A.14. Prove the continuous mapping theorem. Hint: use the
Skorokhod Representation Theorem.

Exercise A.15. Verify that the following mapping is continuous. Consider
h :D? — D defined by

W) (t) = sup [z(s)[l, ¢ = 0.

0<s<t

A.5.4 Random Time Change

Let
D, = {¢ € D: ¢ is non-decreasing and 0 < ¢(t) < oo for all t > 0}.

Note that if z € D? and ¢ € D,, then x o ¢ € D,

Theorem A.16 (Random time change theorem). Suppose that { X"},
X are d-dimensional stochastic processes with r.c.l.l. paths and {®"}>2,,

are one-dimensional stochastic processes whose paths are inD,. If (X™, ®") =
(X,®) as n — oo and P(X € C?) =1, then

X"o0®d" = Xod asn— oo.

Exercise A.17. Prove this theorem using the continuous mapping theorem
by showing that the mapping v : D¢ x D, — D? given by ¢(z,¢) = x 0 ¢ is
continuous at z € C%.
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A.6 Functional Central Limit Theorems

Theorem A.18 (Donsker’s Theorem). Let vy, v, ... be independent, iden-
tically distributed (i.i.d.) real-valued random variables with mean p € (—o0, 00)

and variance o* € (0,00). Let

[nt]

1
Zvi—,unt , t>0. (6)

V=57 |

Then V"™ = W, where W is a standard one-dimensional Brownian motion.

Proof. This is usually shown in two steps: (i) convergence of finite dimen-
sional distributions, and (ii) tightness. See Billingsley (1999), Theorem 14.1,
or Ethier and Kurtz (1986), Theorem 5.1.2. O

Remark. This result is also called a “Functional Central Limit Theorem

(FCLT)” or “Invariance Principle”.

Remark. There are extensions of Donsker’s theorem that relax the i.i.d.

requirements.

Theorem A.19. (Functional Central Limit Theorem for Renewal
Processes) Let uy, Uy, . .. be i.i.d. positive random variables with mean \™1 €
(0,00) and variance o* € (0,00). For each t > 0, define

N(t)=sup{k >0:u; +...+u, <t}

and set
~ 1

N"(t) = Nl (N(nt) — Ant) .

Then N™ = W asn — oo, where W is a standard one-dimensional Brownian
7

motion.

Proof. This follows from Donsker’s theorem by a clever inversion argument,
see Billingsley (1999), Theorem 14.6. a
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