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More generally, the following method may in principle be used to find a

formula for pli) for any M-state chain and any states i and j.

(i) Compute the eigenvalues )r,... ,)y of P by solving the character-

istic equation.
(ii) If the eigenvalues are distinct tinen pli) has the form

p l i )  : a l i * . . . + a ' M A T I

for some constants art. . . , a1a (depending on z and j). If an eigen-

value .\ is repeated (once, say) then the general form inciudes the

term (an + b),\".
(iii) As roots of a polynomial with real coefficients, complex eigenvalues

will come in conjugate pairs and these are best written using sine

and cosine, as in the example.

Exercises

1.L.1 Let Br, Bz,. . . be disjoint events with lJ[t Bn: Q. Show that if A

is another event and P(A|B') - p f.or all n then P(A) : p.

Deduce that if X and Y are discrete random variables then the following

are equivalent:

(a) X and Y are independent;

(b) the conditional distribution of X given Y : A is independent of gt.

1.1.2 Suppose that (X,),>o is Markov (^, P). If Yn - X6,,, show that

(Y"),>o is Markov (I, P").

1.1.3 Let Xo be a random variable with values in a countable set 1. Let

Yt,Y2,. .. be a sequence of independent random variables, uniformly dis-

tributed on [0,1]. Suppose we are given a function

G : I x [ o , t ]  - - l

and define inductivelv

X n + 7 :  G ( X n , Y n + t ) '

Show that (X.)">o is a Markov chain and express its transition matrix P

in terms of G. Can all Markov chains be realized in this wav? How would

you simulate a Markov chain using a computer?
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1.1 Definiti,on and basi,c proper-ties g

Suppose now that zo,2t,... are independent, identically distributed
random variables such that Zt : I with probability p and Za: 0 with
probabi l i ty 1-p. Set So:0, Sn: Zt+.. .  + Zn. Ineach of the fol lowine
cases determine whether (Xr)",>o is a Markov chain:

(a) X":  Zn, (b) X, :  Sn,
( . )  X " :  5 o  *  . . .  *  5 , ,  ( d ) X . :  ( S , , S o  +  .  . .  - ' ,  S . ) .

In the cases where (x.)->o is a Markov chain find its state-space and
transition matrix, and in the cases where it is not a Markov chain give an
example where P(Xn+t : i,lXn : j, Xn_t: k) is not independent of &.

1.1.4 A flea hops about at random on the vertices of a triangle, with all
jumps equally likely. Find the probability that after n hops the flea is back
where it started.

A second flea also hops about on the vertices of a triangle, but this flea is
twice as likely to jump clockwise as anticlockwise. what is the probability
that after n hops this second flea is back where it started? [Recall that
"ritr/6 : \/Bl2 +i12.)

1.1.5 A die is 'fixed' so that each time it is rolled the score cannot be the
same as the preceding score, all other scores having probability 1/5. If the
first score is 6, what is the probability p that the nth score is 6? what is
the probability that the nth score is 1?

suppose now that a new die is produced which lannot score one greater
(mod 6) than the preceding score, all other scores having equal probability.
By considering the relationship between the two dice find the value of p for
the new die.

1.1.6 An octopus is trained to choose object A from a pair of objects A,.B
by being given repeated trials in which it is shown both and is rewarded
with food if it chooses A. The octopus may be in one of three states of mind:
in state 1 it cannot remember which object is rewarded and is equally likely
to choose either; in state 2 it remembers and chooses A but may forget
again; in state 3 it remembers and chooses A and never forgets. After each
tr'ial it may change its state of mind according to the transition matrix

State 1 +
State 2 t
State 3 0
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Someone suggests that the record of successive choices (a sequence of As
and Bs) might arise from a two-state Markov chain with constant transition
probabilities. Discuss, with reference to the value of Pn,,1(,4) that you have
found, whether this is possible.

L.L.7 Let (Xn)">o be a Markov chain on {1.2,3} with transition matrix

l o  I  o \
P : l o  2 / J  r f t l

\ p  r - p  o  /

Calculate f(X" : llXo : 1) in each of the following ca^ses: (u) p : tlt6,
( b )  p  :  I 1 6 ,  ( c )  p : 1 1 1 2 .

1.2 Class structure

It is sometimes possible to break a Markov chain into smaller pieces, each
of which is relatively easy to understand, and which together give an un-
derstanding of the whole. This is done by identifying the communicating
classes of the chain.

We say that i, leads to j and write i ---+ j if.

Pt(X.: j for some n > 0) > 0.

We say'i commun'icates withT and write i <-+ j if both i --+ j and j - i.

Theorem L.z.L. For distinct states i, and j the following are equivalent:
/ . \
\ r)  z --+ j ;

( i i )  p6otrp;r iz . . .pin_t i .  > 0 for some states ' i1, i t , . . .  , i ,n with io :  i ,  a,nd
;  - ; .
oft  -  

J t

( i i i )  e j ; )  >0 fo r  somen l>0 .

Proof. Observe that

( d m
Pi i ' <P{X . :  j f o r  somen>0)  <Le t t r )

n:o

which proves the equivalence of (i) and (iii). Also

l n l
y i j Pt t tP ' ; t ' ; ,  .  .  .P t^ - r i

so that (ii) and (iii) are equivalent. I
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