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Math 285A Lecture Notes

BROWNIAN MOTION:

Continuous time, continuous state — e.g. R", d21.{B,te R}, R, =[0,).

Define:
A continuous time stochastic process {B,,t2>0}is a one-dimensional standard

Brownian motion if:

(D) B, =0, a.s. (with probability 1)

(D) For any 0<1,<f,<t,<::<t,<ee, (B -B _,B -B ., ,B -B ) are

r'l

independent, in other words, independent increments ,



(III) For any 0<§ <t<o, B, —B; isa N(0,t-§) random variable.

(IV) as, , t — B, is continuous. (Wienes)

Brownian motion has stationary independent increments.

Limit of rescaled random walks.

(£}, . iid, mean 0, Var(&)=E[£]1=1 . PE=+)=P¢&=-D=Y .
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Sy = X ~ N(0,1) < normally distributed (mean 0, var iance 1)
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Paths of Brownian motion are not of bounded variation
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t,=0<g<t, <<, =T
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V@) =sup) | £ -8 |=variationof §
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0"(§=>| £ — £ I’ quadratic variation supQ"(f) <eo
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Brownian motion paths are a.s. of finite quadratic variation, ¢"=—,i=0,1,2,---,n
n
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Q'B)=}|B, -B,
i=0

E[(Q"(B)~T)']1= E[(Q"(B))’ —=2TQ"(B)+T"]

n-1 n-1
=E[ (B, -B,)")' - 2Ty, (B, ~B,) +T’]
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n-1 n-1
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n—1 2 n—-1
=Z3[Zj +> > E[(B, -B,)(B, —B,)"]-2IT+T*
=0 \n i=0 Jj#i mo 1y Mo
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:3n[—2j+n(n—l)—7:£—T2=£,——>0,asn—>m
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Q"(B)—>Tinl’asn— oo
Hn,} suchthat Q™ (B) > T as.asn— oo

#Jls ws L.
It-aHews that B does not have bounded variation patlsa.s.
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if converge to sth finite

then Q™ (B) — 0 a.s.as n—>  (can only happen on a set of probability 0).

a.s. the pathsof Brownian motion are not differentiable anywhere.
Evidence for this:

B,,— B, dsviwionat B JhB, B

=—L doesn’t converge to anything as h— 0
h P W \/—}; Jid ything

-B, Y+ 1?



MARTINGALE

Definition

A collection{F,,t > 0} of sub-&algebras l{ 3

Fis afiltration if F; < F, for0<8<t<eo

For Brownian motion, take
F = G(Bs :0<& <t) « natural filtration

= smallest §alg ebra containing all sets of the form Bs'1 ((a,b]), —co<a<b < +eo , 0%s <

DerF
Befme A continuous time real valued stochastic process M ={M,t=0}is a

martingale (with respect to filtration {F,,t>0}), if
() M,eF, (i.e.M, is an F, measurable random var iable for eacht=0)

(D) E[|M,[]<so, V20

(m) EM, | F]=M for 0SS <t <eo

s
Then, Brownian motion is a martingale with respect to it’s natigl filtration

Proof_(_III):
Fix 0<S<t<e
E[Br|I§]=E[Br_Bx+BS|Es]=£&ﬂjgg£6@L+Bs = E[B - Bgl+ By =0+ By

(B,~Bg)LFg





