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Define:

A continuous time stochastic process {8,,t20}is a one-dimensional standard

Brownian motion if:

(I) 4 = 0, a.s. (with probability 1)

(D  Fo r  any  03 to1 t r< tz< . , . 1 tn1a  ,  (  B , ^ -8 , ^_ r ,8 , * r -B r_ r , - . . , 8 , . , -B ,o )  a re

independent, in other words, independent increments.



( I I I )Forany 0<S</  1* ,8, -4 isa N(0, t -6)  randomvar iab le '

(IV) a$ ,t 
-+ B, is continuous. (Wienefi

Brownian motion has stationary independent increments.

Limit of rescaled random walks.

{€,},o , i . i .d, mean 0, Var((,)=El€,2f=l

L
S  ̂ = l € , ,  n = 0 , 1 , 2 , " '

CLT

s
+ - X - N(0, 1) + normally distributed (mean O, var ianc e L)
i n

Paths of Brownian motion are not of lounded variation

P(6,=+I )=P(6  =- l )=%
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/ o  =  0  (  t ,  1 t z  1 . . '  1 t n  = f

n-l

V (t) =."pIl t,*, - &, l= vn iation of I
E" a=0

n-l

t ' n  = i ' T
n

_ n,. ))+r,

Q*@)#,U"," u}t4.*, -8,. r,
j=0

-_J

if converge to sth fnite
J0 aJ tr-+-

then Q"r (B) + 0 a.s. as n -) € (can only happen on a ser of probability 0).

a.s. the patluof Brownian motion are not differentiable anywhere.

f'^r+L.-
ffiFhce for this:

Br*n- Bt dishbu'ional Bh

Q" (8) = I I d,., - fr,lz,.quadratic var iation! sup Q" (6) < ."
a ) n n

Brownian motion paths are a.s. of finite quadratic variation, ,  f  =  0 , 1 ,  2 , .  ' .  , f l

Q'�@) = I1 4. - 8,. r
t = u

Et(Q' @) - T)' I = El(Q^ @Dz - zTQ^ (B) + r' l

= Et(i (8,^,., - B,^,)' )' - zri{a,.,u - 8,.,)' + T, l .r-)\'.u
n-l n-l= i n11n,^, - B,^L' t * I I EI(n,",_, - 8,. )2 (8,. - 8,. 1' y zrfftn,^ .,
i =0  

- '  r " i ' t  t ' i '  '  " r = rF  '  j * t  I  i  t ' i ' t  ' � "  '  
, - i

n- l  /  r \2 n- l
= 

Ir l  I  |  +IIEI(4. ,u-8,^,) '(8,,*,-8,,) ' l-2TT +Tz
i = o  \ n  )  E E

=r r (+)+n(n- r )T  L- r '=2 ' '  , -+0 ,  as  n - )6 .
\ n ' )  n n  n

Q^@)+T  in  I ]  as  n+*

lnol such that Q"* (B) -+ T a.s. as n + @

I,kthat B does not have bounded variation pattra.s.

- ",,, l' =,4+ | 8,.,., - B,^,

"t+h "t B" .JNN, B,
4 =#- -*, doesn't converge to anything as h -+ 0
h h " l n



MARTINGALE

Definition

A collection {F,,t 2Ol of sub - Falgebras 
I }

F is a filtration if { 1.F, for0( S( I < oo

For Brownian motion, take

F, = 6(8r:0 <d < t) + natural filtration
=smal lest { -a lgebraconta in ingal lsetsof  theTormBr l ( (a ,bf ) , - *<a<b.*- ,  o<ss+

DeF r.l
&@@@@@@@� f, continuous time real valued stochastic process M =lM,,t>O) is a

martingale (with respect to filtration {F,,t > 0} ), if

(I) M,e { (i.e. M, is an F,measurable randomvariable for eachl>0)

(ID Etl M,ll.o", Vr ) 0

(m") wtut,l 61 = M. /or os s < r < -

o
Then, Brownian motion is a martingale with respect to it's nat{al filtration

Proof (III):

F i x  0 < S c f  < o "

EIB,IFs]= ElB, -Bs*Bs l&l =dffiUgfttffr* B, = ElB, -B*1+8" =0+8"
(4 -As )IFs




