Math 285 lecture #1&
Monday May 23 2005
Note Taker:Solmaz Kheiravar

X 1s a random Variablg:
X: Q>R
x (b))

={we Q:;X(w)e (a, b]}

X_l((a, b])e § forall (a,b]: —c<a<b<oo
vDistribution function for X : F:R — [0, 1]

F(X) = P(X<x)= P(X ' (=o0,x1)
o (X)=Smallest ¢ -algebra containing X_l ((a,b]);—c<a<b<eo
LetAe 6(X)A = x ! (B) ,B is Borel set
Definition :iBorel setﬂ‘:smallest C -algebra in R containing all intervals of form (a,b]~<a<t<w
e pl

14(0) = Trx e py(@)
o (X)=events that you can distinguish knowing X.

X = (XO, Xl’ ey Xn) is a_random vector.Xl.;Q — R is a random variable i=0,1,... n.

o(X)is smallest ¢ -algebra containing all events of form Xi_l ((a,b)], i=O,1,...,n)—<>o <a<b<oo

Suppose Y is another random variable and E[|Y]] < oo

E[Y|6(X)] = E[Y|X] = ®(X) where <I>;9Yn+ ! — R is a measurable function; For any
A € o(X) we have :E[1,E[Y|X]] = E[Y1,]

Special case: X and Y take only finitely many Values)then we partition  according to inverse
image of XJ& is illustrated in the figure below:



X r\{hyl}

{X= Yy, Y= yl}

{Y=y,}
{X:ul}\f X =v 3

~ Ym

E[Y|X] = ®(X),on {X = v, }, D(X)=C,

C, P(A) = E[YIAJ A, = EX=ryd
E[Yl,] P yP(Y=y,X=1v,) "
— o i [ 17« _ _ o 9V _r
1= Pa) " P(X= v, _g(y =y =vpye = LY 1%

i=1

MARTINGALE Qé .
M = {Mn, fin, n=~01,.. }} fin are/\observe random variables in a sequence.(information

increases in time)

(4 _ _ o _
EWM, ,1|%,) = M, = EIM,|F,]n=0.12....

= E[M M are martingale differences.

Mn‘fin] = 0 (fair game) Mn+ 1—M,

n+1"
E[Mn+ 119] = E[MnIQ]:>E[Mn+ 1] = E[Mn] :>E[Mn] = E[MO], Vn
(often ff'n = G{MO’MI’ ...,Mn})

Example 1: Random Walk:

Suppose we have a sequence of random variables {&i}‘x’i= 1 which are independent and identi-

n
cally distributed, E[|ﬁi|] <oo, Vi ,U = E[E_,i], ViX =x+ ¥ éi
i=1
0
n=0,1,2,... xe®R, Y E=0, {Xn}°°n= Ois random walk.

1
— g — — —
Let M= X, —ni, § = o{My, M, ..M, } = 0{X(, X, X, } = o{§), .. §, }



n
E[M,[1<E(X,|1+nlul <l + 50 EIG |1+ nlpl <
i=1
and also:E[Mn+ llgn] = E[Xn+ 1 —(n+ l)u|fin] = E[Xn+ llfin]—(n + 1)

= E[X, +&, , 1|%,] -1+ D = EIX, | 5,1+ B[, , |F,]- (n+ Dy

= Xn+E[§n+1]—(n+1)u =X, +U-(n+Du = X —nu = M

(because & J_Xn,Xn_l,...,X°:>§n+lJ_fin)

n+1 -
_ _ _ _ _ _ __A .. J
M, -M=X _ -X,-u=¢§  ,-u ,(§ THtare iid whikmean Zero)

special case:
{837, isiid:
P(E,l.: b =p. P(&iz -1)=¢g = 1-p,0<p<1, p+#qgnon symmetric case

X n

n .
M, =(q/p) sn=012.., X =x+ Y & x1smteger,?;1 = o{Xp Xpp - X, }
i=1
DM e F sinceX € &
n n n n
Xn
2)E[(q/p) < oo} sinceX is bounded for each n.
X X +&
n+1 n Pn+l
3) EIM, | 1]%,] = E| (a/p) M = £ (a/p) 7,
X g X g
n n+1 n n+1
= £@/p " " g = @ e @n ™ s,
X 3 X X
n n+1 n 1 -1 n
= (4/p) E[(q/p) } =(q/p) a/p) -p+(a/p) -ql =(q/p) =M,
Example 2): Branching Process
X
XO =1, X 11 =size of population at generation n+1= ¥ Efn 1) (ﬁfn * 1)=#o’f offspring

i=1
of individual i in generation n)

{&En+l)’ i Lz,...}iid,E[&En“)} S HsT

Assume e Squantes o mﬁ\uﬂb() im&ef{’ as P vanes



M, == F=o{Xp,X], .. X, }
n
DM € fin n=0,1,2,
" n+y| O T (n+1)
n n
DELX, ()= E| ¥ § = Y E ¥ § lix =
i=1 j=0 Li=1

b ] ©° } .USﬂf\(;'
(n+1) (n+ 1)} [ } &
= E . . l . = E . . E 1 . 1
]:O 1 =1 ]=Ol=l Cr-? ?L X‘\.
= ¥ ;i}RXn: Jj) = uE[Xn] use induction to prove E[Xn] is finite hence E[Mn]is finite for
j=1

all n.
X
1 1 T m+l)
(74 - - (74 - - [r4
3)E[Mn+l|jn] - n+1E[Xn+l|‘fn] - n+1E z:'i n
B i=1
X X
B (n+Dg 7 Lt
o+l 2 E|:§l J”J_ n+ anH_ n M"
i=1 2 u
Example:

oy . 2
{Z:,i} are iid with mean L and variance 0~ <eo .

n

X=3 E_,l. Xg= 0
i=1

‘We know Mn: Xn — nl defines martingale with respect to (/"fqz { X, XI’ X}

we claim that Nn= M’% - nGz is a martingale.
Proof:
DN e ¥ Vi
n n
27 2 27 2 2
2)E[|Nn']SE[Mn]+nG - v E[(&i—u) ]+nc = 216" <o
i=1



DEIN, ;1| %,) = E[Mi 41— (n+ 1)62'511} B E[(Mn *S41 W=+ 1)62’5’7}

2 2
E| (M +2M, (5, -W)+ (6~

fin:|—(n+l)02

0 .
= Mn + 2MnE[E_,n +
\é:

2

2 2
=M +06 —(n+1)o =M —ne” = N,.
n n n

-Hl+ E[(&n T u)z}—(n +Do”

Nob—‘



