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X is a random Variable:

X: Cl -+ 9t

x-l11n, u11
= { o r e  A ; X ( o t )  e  ( a , b l }

- l
X  ( ( " , b ) 7 e  5  f o r a l l  ( a , b l : - e < a q f i q *

Distribution function for X : F:91 -+ [0, I ]

F(X)  =  P (X<x )=  P (X  
I ( - - , x l )

o (X)=Smallest o -algebra containing X-L ((o, bl);-- < a < b < *

Le tAe  o (X ) :A  =  X  
|  
(B ) .B i sBore l  se t

Definition:lBorel set$=smallest o -algebra in 91 containing all intervals of form (a,bl.-* . n . r, . -
l A ( o )  =  1 { X e  r 1 ( c o )

o (X)-events that you can distinguish knowing X.

X = (Xg,Xl, . . . ,Xr) is a,random vector.Xr.Q -+ !t  is a random variable i=0,1,.. . ,n.

o(X) issmal lesto-a lgebraconta in ingal leventsof form Xr l { {o ,b) l , i=0,1, . . . ,n) - -  <a<b<*

Suppose Y is another random variable and E[ lYl] < -

Etylo(X)l = EIYIX] = o(X) where o;9in 
* I -t 9i is a measurable function; for any

Ae o(X)  wehave 'EI IAE[v lX] l  =  EIYIAI

Special case: X and Y take only finitely many valuesrthen we partition C) according to inverse
image of Xlas is illustrated in the figure below:- r &

v



{ Y = y i
IX= D 1 ,  I =

{ X = D l
{ Y  =  y r }

m j

EIYIXI = O(X).ron {X = ur} ,  O(X)=C.

c t  P (A , l  =  r [ r ra r l A ,  = l X = " Y , l

E l Y l  ̂  I  P  v . p ( y =  v . .  X =  r .  '  P
c -  =  

'  A t '  _  \ _  
) i ' \ ' -  ) i ,  1 r -  \ ) l )  

S p t v  =  r , . l X  n ( .  - - \
cr = T@f 

, ! ,  "*= " i l  . -_ 
.  ' t t - -  u1)$; = ELY IX='Y'J

MARTINGALE tg, 6;,7-61;)
M=W;" = 0, l, 

l\.t; 
ar{it,seGd-random variables in a sequence.(information

increases in timef
E l . M , , ' l g .  l  =  M . ^  =  E l M . ^ 1 9 , - l n = 0 . 1 . 2 , . . .'  n + t l  n '  n  n l  n j

> EIM n + r- M nl7 ) 
= 0 (fair game) M n + | 

- M n are martingale differences.

E lMn+  t lO l  
=  E [Mn l r r l  =  E IMn+  1 ]  

=  E IM, I=E lM)  =  E lM, l ,Yn

( o f t e n  8 n  =  o { M O , M l , . . . , M r i \

Example 1.: Random Walk:

Suppose we have a sequence of random variables {€;}-;= , which are independent and identi-

n
cally distr ibrr"O, tto|*, ' l  (  -,  Vl ,p = E[\ i ] ,Vi Xn = x + 

,!  ,r,

n =  0 ,  1 , 2 ,  . . .

L e t M  =
n

' .  *,  
,1,, 

= o , {Xr}*r= 0 i t  random walk.

X r - r q t  f r n =  o { M O , M l , . . . , M n }  =  o { X g , X y . . . , X n }  =  o { 6 1 ,  . . . , E n }

z

n



n

EI\M"l l<El lxnl l+nlp l  < l" l  + > Et lE, l l+nlpr l  <*
i = I

and a lso:  EtMn + t lT)  
-  E lXn + l -  (n  + l )y t l7r )  =  ELXn + t l f r r ) - { "+ 1 )p

-  E I X n * 1 ,  *  r l 7 n ] - @ +  l ) p  =  E t x n l g n l +  E [ E n +  
l f r ) -  

( n  +  1 ) p

= X r * E l \ r * l - ( n + l ) p  = X n * F - ( n + l ) p  =  X r - n t r t " =  u n

( b e c a u s e  \ r +  t L X n , X n _ 1 ,  . . . , X a = 1 n *  t L F n )
Mn+1-Mn=  Xr+  t -X r -V  =  |n * l  - [ r  , (E r ; t a re i i dw f r [ .mean  ze ro )

special case:

{€; } - ;=  ,  is  i id :

p (E i=  l )  =  
f , p ( \ i =  

- l )  =  e  =  I  -p ,0  <p  < I ,p *qnonsymmet r i ccase

M r =  ( q / p )  
f l , f t  =  0 , I , 2 , . . . ,  X n =  t +  I . 6 ;  x i s  i n t e g e r , f i  -  o { X ' , X I , . . . , X r }

l =  |

I \ M  e 8  s i n c e X  e f r' n n n n

- X
DEIQ/il 

n 
. -l sinceXnis bounded for each n.

-  X  , l  X  + E  , l
3) EIMn + r lsn] = elrat i l  n + t l t r )  el totr)  n 'n * ' ls,J

^ 1 .  . x n  . \ r + r l - l  . X r ^ f .  . \ r * r l - r=  E l ( a / n )  " . ( q / p )  " ' - l s r ) =  ( q / p )  " e l { a t n ) ' "  " 1 s " )

X - E X X
=  ( r t / p )  n r l @ t p : a n * t l  ' ' ' - ' ' - n l , ( q / p ) ' . 0 * ( q / p ) - r . e l  =  @ / p ) '  -  M . . .

L . ' , , t  ) = \ q / p )  
t \ q / p )  . p + \ q / p )  . q l = \ q / p ) ,  ^ . - n .

Examplg 2): Branching Process 

X,

X0 =  l ,  xn+ l=s izeofpopu la t ionatgenera t ionn+1= L  \5 "  
* t )  

t \ l ' *  
l )=#ofo f fspr ing

l = l
of individual i in generation n)

X

l

{e ' , '  
. l  ) .  ,=  l  ,2 ,  . . . \ , ,0 .  , lE \ '  *  '  ) l  =  F  <  @

f " r  )  L . ,  I

hss."^.l- 4etr- effds "se r"^-1"..-\ i^{Tt aS pr, Vari45 ,



I
-  , : l  I- " )

, , ]  , [ ,  {x,=

o ( n + l ) . ,> r  ' { X

X
M ,  =  

I  
, n =  o { X ' ,  X I , . . . , X n }

Ir
I ) M r e  f i n n = 0 . 1 . 2 . . . .

- X  -  . X
t n t @ t n

2 \ E t x  , 1 = r l  - ( n + l ) l  E l  \ -' n + t '  
t I q ;  

' l =  
I  I  L

L i  = l  J  j =  0  L i = l

€  l i  I  -  j
=  \ -  E l  v  r ( n * l ) . r . - ,  . l =L  I  L  t { x - = i } l =  I  I

. / = 0  L i = l  
"  

I  . i = 0 i  = l
I

i l J
- l  " l h  i
t l t  c .

L L

\(,'*t'l'rl

{ E;} are iid with mean P

n

Xr= I Ei ,X0= 0
i = I

We know M n= X n- np defines martingale with respect to ,fn= {XO, X I, . . ., X r}

we claim that N-^= ml- ro2 is a martingale.n n
PJoqf,
l ) N  e f r  V V . "' n n

r ) i  Z
2 \ E l l N  l l < E l  M ' l + n o  =' - l  n t -  L n )

nlr\i-u)'] +n62 =I
i = I

1

r ( \
= L VI[(X r= 17 = trtE[X- ] use induction to prove EIX,] is finite hence EIM n]is finite for

J -
j = l

all n.

|  ,  l x ,
3)ElMn * rler) = ;fu, x, + rlsrl = 

fr"l, :,
X

[  . r ,  XI  _  - t , ( n + l ) l - t  I= ;i I ul E)" ' '  ' l t , l= -;n*nv= l,= M,
t i  i = l  

-  
t l  p

Example:

and varianc " o2 a*

^ 2
Z n C  < €



3)E[N n + r l | ,)  = "V?, + |  -  (n+ t;o2lt ,)  = nltm, * \ ,  * r  -  D2 - (n + o"2lr, f
f  ) ,  ) l  

- t  
)El (M;+  2Mn( \n+ r  -  r )  *  ( \ ,  *1  -  p ) "1 r , ) - (n  +  r )o -

= M?+2MnE[\nJ I -p] + nlf lr*, - u)t]- tu + r)oz
, L "  O

=  MT*o ' - 1n+ t1o2  =  MT- ro '  =  Nn .
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