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Conditional Expectation

Let (Q,q,P) b"uprobabilityspace,where O isthesamplespace, f isthe o-

algebra containing all events which can take probability, and P is the probability of

information on outcomes of probability space than what is possible.) Suppose X is e'

random variable defined on (O, q, f ) such ttrat f [[f[ < oo . Expectation is under P .

Dgf: The conditional expectation of X given $ denoted by EIX lgl, ir a(unique)

random variable I such that:

(i.) Iis $-measurable, i.e. I eE, (Y:Q-*-+1R., for each interval (a,Dlin R.,

r-' ((a,Dl) : {ar e Cl : y (r) e(a,bl\ef ) (i.e. you only need information

onE. Remember f is bigger than Q .)

For each set AeQ ,

Elx.rAl= alY,rnl

(i.e. the integral h X o,,n : the integral& y o, A.)

Existence follows from the Radon-Nikolym Theorem in real analysis. Uniqueness is

proved below.



The conditional expectation is unique up to almost sure, equivalence.

S, tf I and I'' were two representatives for nlX tgl , then Ote

l, = lY t I ') = {ot :Y (ot)t f '(r)} .

This implies I e I bV (i.) In particular,

EIY'rAl= EIx't, J = nfrlt nl, by (ii.)

The above implies

El(r -r').t,] = o

Note, onA o Y -Y'> 0. Thus the above is stating that an integral of a non-negative

firnction on a set is 0. This can only happen if (f -f ').1,r = 0 almost surely on,{ since

Y>Y'on A. Thisimpliesthat A itselfhasprobabil ity0. Thus, P(A)=O

andso P(YrI')=0. Similarly P(f'tI)=0. Hence P(Y=I')=1. Andthus,the

conditional expectation is unique up to almost surely equivalence. D

Examoles

EXAMPLE I Discrete Random Variables

If probability spase is finite (Q < *), can compute these things by normal addition.

Consider Xo,Xlare random variables takiog values in the set {0,1}. The set of four

possible combinations Xo,Xt can take on ,



{(X, = 0,Xr = 0),(Xo =0,Xt= l),(Xo =l,Xr= 0),(Xo = 1,X, = l)} , is illustrated through

@
the following table. Th{set can be partitioned into two sets l, MdA, , where /,

p.r t r "+-- -  @9
contains thetpafos which Xo = 0 ffird,4" contains the pairslwhich Xo =1.

JTL

A,

4

(Xo=0 ,X ,  =0 )

Br

(Xo=0 'X t  =1 )

B2

(Xo =1,X,  =0)

B3

(Xo=1 ,X ,  = l )

B4

S*epr. l,\*.L

l .  P ( X o = 0 , X , - 0 ) = * = " ( O  = 0 , X ,  = l )

2 .  P ( X o = 1 , X , = O ) = l' 4

3 .  P (Xo= l ,X r= l )=+

Note, Xo,Xt are not independent.

Whenever we have a random variable (ike X, ), we can associate a o -algebra (sets

containing empty set, and closed under complements and countable unions) by it.

o(Xo ):smallest o -algebra, generated bV Xo , containing all sets

{x;'(a,bl: 
-o<a<b<o} = {";' (f), f is a Borel set in R} . (Intervals generate rllc a- 

#" {



Borel set5). We have o(Xo):=collection of events discriminating what values Xo

can take. o(Xr')=lZ,dl,,4,r,{}. Note,4\n'4, =A; 4U4 =Q,.

Suppose g:o(Xo\={a,{2,4,Ar\ and f =JB,Bz,B,Bo\ .  .

Then, we can compute

Elxrt r(a)] = ElX rl Xr] = r @y different use of notation.).

1" r*rao. variable lhas to be constant separately

on A, rurltd '4, because you can't refine Arot 4anymore. Th"s, to determine I, we

must find the value it takes on 4 and the value it takes onA" ...
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