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Conditional Expectation

Let (€, % P) be a probability space, where Q is the sample space, ¥ is the o -

algebra containing all events which can take probability, and P is the probability of

those events. Consider G to be aga - algebra of F. L(Qé G contains the events you have

knowledge about, events yoflyc;)serve omde-met.\dt is a small o - algebra containing less

information on outcomes of probability space than what is possible.) Suppose X'is a

random variable defined on (€, %, P)such that E[JX] <. - Expectation is under P .

Def: The conditional expectation of X given G denoted by E[X |G], is a (unique)
random variable Y such that:
(i)  Yis G-measurable,ie. Y eg, (Y :Q—>R, for each interval (a,b]in R,
Y™ ((a,b]) = {a) eQ: Y(w)e (a,b]} €G) (i.e. you only need information
onG . Remember F is bigger than G .)
(ii.) Foreachset 4€¢,
E[X-1,]=E[r1,]
(i.e. the integral &X on A = the z’ntegralvir YonA)

Existence follows from the Radon-Nikolym Theorem in real analysis. Uniqueness is

proved below.



The conditional expectation is unique up to almost sure. equivalence.

$f: If Y and Y' were two representatives for E [X t g] ,then Qo
A={Y>Y'}={a):Y(a))>Y'(a))}.
This implies 4e€ g by (i.) In particular,

E[r1,]=E[X-1,]=E[r"1,], by (i)

The above implies
E[(Y-Y')'IA:I =0
Note,on A4, Y -Y'>0. Thus the above is stating that an integral of a non-negative
function on a set is 0. This can only happen if (¥ —Y"')-1, =0 almost surely on 4 since
Y>Y'on A. This implies that 4 itself has probability 0. Thus, P(4)=0
and so P(Y >Y")=0. Similarly P(Y'>Y)=0. Hence P(Y=Y')=1. And thus, the

conditional expectation is unique up to almost surely equivalence. O

Examples

EXAMPLE 1 Discrete Random Variables

If probability space is finite (Q < ), can compute these things by normal addition.

Consider X,, X, are random variables taking values in the set {0,1}. The set of four

possible combinations X, X, can take on,



{(Xy=0,X,=0),(X, =0,X, =1),(X, =1,X, =0),(X, =1L X, = 1}, is illustrated through
the following table. The}set can be partitioned into two sets 4, and 4, , where 4

. ponbsad : E—“E .
contains the'pairs which X, =0 and 4, contains the patrsiwhich X =1.

Ju
—N.
X,=0,X,=0) (X,=0,X,=1)
4:
Bl BZ
- |
X, =LX,=0) X, =1LX,=1)
4,:
B, B,
Suppwe Pk

1. P(X,=0,X, =O)=%=P(Xo =0,X, =1)

2. P(X,=1X, 20)2211'

3. P(X,=1.X,=1)=>

Note, X, X, are not independent.

Whenever we have a random variable (like X ), we can associate a o -algebra (sets
containing empty set, and closed under complements and countable unions) by it.

o (X,)=smallest o -algebra, generated by X, containing all sets

{Xg‘ (a,8]: -oo<a<b<oo} = {X;‘ (B): B is aBorel set in ]R} . (Intervals generate @ e 0'-49'&4!“ ,,\0



Borel sets). We have o (X, ) = collection of events discriminating what values X,

cantake. o(X,)={D,Q,4,4,}. Note 4(4,=0; 4|J4,=0.

Suppose G=0(X,)={D,Q,4,4,} and ¥ ={B,,B,.B;,B,} . .
Then, we can compute
E[X,|o(X,)]=E[X,|X,] = Y (by different use of notation.).
’E)e random variable Y has to be constant separately
on 4, and A4, because you can’t refine 4,0r 4, anymore. Thrs, to determine Y, we

must find the value it takes on 4, and the value it takes on 4, ...
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