
MATH 280CHOMEWORK #1, DUE APRIL 8, 2015.Please hand in the starred problems. In the following, all random vari-ables are de�ned on the probability spa
e (
;F ; P ).1*. Let f�i; i = 1; 2; : : :g be a sequen
e of i.i.d. random variables with�i 2 f�1; 0; 1g and P (�i = +1) = P (�i = �1) = P (�i = 0) = 1=3. Let S0 =0; Sn =Pni=1 �i for n = 1; 2; : : : and let F0 = f;;
g and Fn = �f�1; : : : ; �ngfor n = 1; 2; : : :. Fix integers �a; b su
h that �1 < �a < 0 < b < 1. LetT = inffn � 0 : Sn = �a or Sn = bg.(a) Prove that T is a stopping time.(b) Prove that fSn;Fn; n = 0; 1; 2; : : :g is a martingale and that fS2n �2n=3;Fn; n = 0; 1; 2; : : :g is a martingale.(
) Is the �rst martingale in (b) uniformly integrable? Give a reason tosupport your answer.(d) Let Yn = Sn^T and Zn = S2n^T � 2(n ^ T )=3 for n = 0; 1; 2; : : :. ByDoob's simple stopping theorem, fYn;Fn; n = 0; 1; 2; : : :g and fZn;Fn; n =0; 1; 2; : : :g are martingales. Show thatE[Sn^T ℄ = 0and E[S2n^T ℄ = 2E[n ^ T ℄=3for all n. (Be 
areful to show that you don't have 1 on both sides in thelast expression.)(e) By taking suitable limits in the results of (d), and being 
areful to justifyyour steps, prove that T <1 a.s. and �nd expressions for P (ST = �a) andP (ST = b). Then obtain an expresion for E[T ℄.(f) By taking a limit as �a tends to �1 in the results of (e), �nd P (Tb <1)and E[Tb℄ where Tb = inffn � 0 : Sn = bg. (You may want to relabel theoriginal T as T�a;b and use the fa
t that T�a;b " Tb as �a! �1.(g) Is the se
ond martingale in (b) uniformly integrable? Give a reason tosupport your answer.2*. Suppose that fFt; t � 0g is a �ltration. For ea
h t � 0, let Gt =Ft+ = \s>tFs. Prove that fGt; t � 0g is a right 
ontinuous �ltration.3*. Suppose that (
;F ; P ) is a 
omplete probability spa
e and supposethat G � F is a �-algebra that 
ontains all of the P -null sets in F . SupposethatX is an F-measurable random variable and Y is a G-measurable randomvariable su
h thatX = Y a.s. (under P ). Prove thatX is also G-measurable.1


