MATH 280C

HOMEWORK #4, DUE May 6, 2015.

Please hand in the starred problems. In the following, all random vari-
ables are defined on the probability space (2, F, P).

1*. Fractional Brownian motion with a parameter H € (0,1) is a Gaus-
sian process {X (¢),t > 0} that starts from zero, has expectation zero for all
time and has the following covariance function:

R(s,t) = E[X(H)X(s)] = % (2 4+ 21— J— s,
for all s,t > 0. Prove that there is a continuous modification of X. (Extra
credit: In fact, there is a modification of X whose paths are Holder contin-
uous with exponent H — ¢ for all e € (0, H).)
Remark: For H > 1/2, fractional Brownian motion exhibits long range de-
pendence, i.e.,

Y EX(1)(X(n+1) — X(n))] = +oo.
n=1

2*. Suppose that B is a standard one-dimensional Brownian motion.
(a) Prove that a.s.,
lim sup & = 400
t—o0 \/Z
and
lim inf &
t—o0 \/E
Hint: Consider positive integer valued ¢ first and use Kolmogorov’s zero-one
law.
(b) Use a transformation of Brownian motion using time inversion to prove
that

= —00

: By
limsup — = +00

t—0 \/l_f

and

lim inf & = —00.

t—0 \/%
Use this to argue that a.s. the paths of B are not Holder continuous of order
one-half at ¢t = 0.



