Math 194: Homework 5 (further problems)

3. Consider the three period binomial model from Problem 1 in Homework 3. For
t=0,1,2,3,let F; = 0{Ss : 0 < s < t}, the o-algebra generated by the stock price process
up to time ¢. For each ¢, F; contains all of the events that you can distinguish by knowing
the stock price process up to time ¢t. The entire collection of o-algebras {F;,t =0, 1,2} is
called a filtration. Each F; is generated by a partition P; (a collection of disjoint events
whose union is all of ).

(a) Describe the partitions Py, Py, P2, Ps that generate each of the sigma algebras Fy,
Fi, Fa, F3, respectively.

(b) Compute each of the following conditional expectations:

E[S3|F3] = E[S3|Ps3]

E[S3|F2] = E[S3|P2]
E[S3|F1] = E[S3|P1]
E[Sa|F1] = E[S2|P1]
E[S1|Fo] = E[S1|Po] = E[S1].

4. Consider a stock price process S = (Sy, S1,.52) defined on = {wy,ws,...,ws} by
S(wr) = (8,16, 32)

S(ws) = (8,16, 28)
S(ws) = (8,16, 10)
S(ws) = (8,4, 16)
S(ws) = (8,4,4)

Note that this is not a binomial model. However, you can draw a tree to describe the

possible paths followed by the stock price process. You should do this and then answer

the following questions.

(a) Fort =0,1,2,let 7y = 0{Ss : 0 < s < t}, the o-algebra generated by the stock price
process up to time t. Each F; is generated by a partition P; of 2. Determine what
P; is for t = 0,1,2. Write down the list of sets that constitute F;, for t =0, 1, 2.

(b) Let P be a probability measure defined on (€2, 72) where P({w1}) = 0.5, P({ws}) =
0.2, P({ws}) = 0.1, P({ws}) = 0.15 P({ws}) = 0.05. Let E denote expectation under
P. Determine the conditional expectations:

E[S2|F1] = E[S2|P1],

E[S3|Fo] = E[S2|Po].

(c) Is {St, Fi,t =0,1,2} a martingale when the probability is given as in part (b)? Make
sure to give a reason for your answer.



