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Abstract. The Togashi—-Kaneko (TK) stochastic model is a prototypical example of an auto-
catalytic reaction network exhibiting dramatic switching behavior. The desire to understand this
unusual behavior has attracted considerable attention in recent years. In this paper, we study the
TK model with additional mutations. We establish a rigorous stochastic averaging principle that
describes slow dynamics in terms of certain ergodic means of fast variables. Beginning with two
species, we demonstrate a sensitivity of the model to even slight departures from symmetry in the
autocatalytic reactions. We accomplish this through a detailed analysis of the stationary distribution
of the fast process when the state of the slow process is fixed. We call this high sensitivity property
“fragility”. We give some examples of behavior that can occur when there are more than two species.
These preliminary explorations for multiple species point to a wealth of open questions for future
research.

Relevance to Life Sciences. Autocatalysis or self-amplification plays a key role in many
biochemical and biological processes, ranging from pattern formation and self-organization, through
gene regulation and signaling cascades, to ecological interactions and evolutionary dynamics. Un-
derstanding the sensitivity of such stochastic systems to small parameter changes is important for
the formulation of models from data and for drawing conclusions for real life systems. In this paper
we explore the sensitivity of the prototypical Togashi—-Kaneko model with additional mutations. We
find a high sensitivity to even slight departures from symmetry in the autocatalytic reactions, which
we call fragility. We believe that fragility is an important underappreciated and understudied phe-
nomenon, that will affect the formulation and interpretation of autocatalytic models across a wide
variety of applications in the life sciences.

Mathematical Content. We develop tools for analyzing and understanding the dynamic sto-
chastic behavior of autocatalytic reaction systems, especially in asymmetric situations, by considering
an extension of the standard TK model with additional mutation reactions. We prove a rigorous
stochastic averaging principle that links the slow population dynamics with fast autocatalytic re-
actions. Through analysis of the ergodic mean of the fast variables (when the slow variables are
frozen at a given value) for the two-species model, we find a high sensitivity of the model (which
we call fragility) to even a slight departure from symmetry in autocatalytic rates. Furthermore, our
preliminary explorations for more than two species suggest that such a phenomenon can occur for
four species but not for three. This rather surprising observation suggests a wealth of open problems
for future research.
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1. Introduction. In biochemical and biological contexts, autocatalytic inter-
actions—where a species promotes its own production, often through feedback with
other components—play a central role. They capture nonlinear feedback loops capa-
ble of generating rich dynamical phenomena such as bistability, sustained oscillations,
and stochastic switching between metastable states. These mechanisms are not only
fundamental in chemical kinetics, where autocatalysis underlies classical models of
pattern formation and self-organization [21, 45], but they also appear in biological
settings ranging from gene regulation and signaling cascades [15, 25] to ecological in-
teractions and evolutionary dynamics [7, 35]. They have also appeared in models of
opinion dynamics in populations [31]. Accordingly, stochastic models of autocatalytic
networks have attracted sustained interest across biology, chemistry, physics and so-
cial science, both as paradigms for understanding complex behavior and for exploring
the interplay between noise and nonlinearity.

Recognizing these broad applications, it is important to understand how sen-
sitive such models are to uncertainties in their parameters and inputs. In real-life
scientific applications, data and parameter values are almost always subject to mea-
surement error, noise, or uncertainty. Even small perturbations in parameters or
slight deviations in data collection protocols may lead to substantially different con-
clusions—particularly in complex models or analyses with many tunable settings.
This phenomenon has been observed, for example, in studies showing that different
analysts working with the same dataset can arrive at strikingly different effect sizes
depending on seemingly minor analytical choices [29]. Similarly, biological investi-
gations reveal that efficient performance in complex systems often trades off with
robustness, wherein small parameter changes can shift outcomes in significant ways
[50]. Consequently, an essential component of robust scientific inference is the study
of how sensitive results are to such small variations in inputs or analytic choices. By
explicitly quantifying robustness (or lack thereof), one can identify critical parame-
ters, improve the design of experiments, and provide more reliable guidance to policy,
practice, or further empirical work. This general concern with robustness and sen-
sitivity provides a natural motivation for studying this phenomena in autocatalytic
systems, such as the classical Togashi-Kaneko (TK) model [48].

In its simplest two species form, the TK model describes the stochastic dynamics
of the reactions

(11) Sl+52—)252, 51+SQ—>251, (Z)—)Sl —)@, @—)Sg—)@

The first two reactions are autocatalytic, meaning that the presence of S promotes the
production of additional So, and likewise S7 promotes its own replication, creating a
self-amplifying feedback loop. The remaining reactions describe the production of each
species from the environment and their eventual degradation, ensuring that the system
operates as an open dynamical process. The model (1.1) has attracted considerable
attention in recent times in the physics and biology literature [9, 48] because of its
interesting switching dynamics, dubbed “discreteness induced transitions”. The name
refers to the fact that under certain conditions the system spends most of its time
near states where one of the species is absent, switching rapidly from one such state
to another. This dynamics is driven by a discrete change in species counts and is
prominent when the rates of autocatalytic reactions are fast relative to the rates of
production and degradation of species.

Many of the observations and analyses of the two species TK model and its exten-
sions to higher dimensions consider symmetric autocatalytic reactions, meaning that
the rate constants for autocatalysis are equal. Initial numerical observations of the
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mentioned switching behavior were made by Togashi and Kaneko [48, 49] for a model
on four species that extends the system (1.1) by adding the following autocatalytic
reactions (to form a loop), plus production and degradation reactions:

So + S35 — 253, S35+ 54 — 254, S4+Sl—>251,@—>53—>®,®—>54—>®.

Togashi and Kaneko assumed that all autocatalytic reactions have the same rate con-
stants. This symmetric autocatalytic model on four species was further analytically
explored by Biancalini et al. [7, 8], using a stochastic differential equation (SDE)
based on volume rescaling to provide an approximation of the stationary distribution
for species counts. An approximation using reflected SDEs (RSDE) of the same type
of symmetric autocatalytic model with a loop of reactions on d species was provided
by Fan et al. [24]. Bibbona et al. in [9] derived an exact expression for the station-
ary distribution for the symmetric d species TK model with a loop of autocatalytic
reactions in the special case where there is a common production rate, and a com-
mon degradation rate that is equal to d/(d — 1) times the common autocatalytic rate
constant. They also derived a stationary distribution for a generalization of the sym-
metric TK model on d species, in which autocatalytic reactions with the same rate
constants are present among all pairs of distinct species and degradation rates are
common. Their analytic results also use volume rescaling of rates to identify parame-
ter regimes in which the stationary probability mass concentrates near the boundary
states where one or more species is absent.

Beyond the symmetric case for autocatalytic rates, there are almost no studies
investigating how autocatalytic asymmetries, meaning disparities between the auto-
catalytic rate constants, can affect the long-term behavior of the system. Saito and
Kaneko in Sec. IV of [46] explore the effect of asymmetry in autocatalytic rates
on the direction of the net chemical reaction flow in a two species TK model with
added mutations. They approximated the stationary distribution of species counts
using a heuristic model reduction, and observed that the direction of the net chemi-
cal reaction flow can be reversed as the volume parameter (rescaling reaction rates)
decreases. In a more recent work [26], Gallinger and Popovic approximated the two
species TK model with a version of this model where production and degradation
reactions are replaced by mutations, and noted for their model that even slight de-
partures from symmetry in the autocatalyic rates can produce qualitatively different
stationary behavior. This sensitivity, which we call model fragility, is striking: even a
very small parameter change—for example, slightly shifting from symmetric to asym-
metric rate constants—can drastically alter the system’s long-term dynamics. By
fragility we mean lack of robustness, where minor variations in model parameters al-
ter the qualitative structure of the stationary distribution or the dominant dynamical
regime. Unlike classical phase transitions, fragility does not necessarily depend on
tuning a single critical parameter or crossing a sharply defined threshold; rather, it
reflects a broader non-robustness of the stochastic dynamics. This phenomenon is
likely of practical importance, relevant for design of synthetic biological circuits and
for understanding breakdowns in natural biochemical communication networks.

Model fragility in autocatalytic systems remains underexplored from an analytical
perspective. The effect of asymmetry in production rates was explored numerically
by Togashi and Kaneko in [49], noting the effect on the means of species for a range
of different parameter regimes, as well as the change in their concentration as the to-
tal species count increased. Worsfold and Morris explored asymmetry in degradation
rates in [54] using simulations and a Piecewise Deterministic Markov Process (PDMP)
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approximation of the switching in the growth and decay dynamics of the total pop-
ulation size due to concentrations of mass at boundary states. Saito and Kaneko,
in Sec. IV of [46], introduced asymmetry in autocatalytic rates as well, observing
the changes in the long term mean number of transitions between species (forming a
chemical reaction flow), using a heuristic dimension reduction.

Despite these investigations, rigorous analysis of systems with autocatalytic asym-
metry remains severely understudied. In this work, we develop a rigorous framework
for analyzing fragility in a TK system that includes additional mutation reactions,
with the aim of clarifying the mechanisms by which small parameter changes can
destabilize autocatalytic dynamics. A novelty of our framework is a different param-
etrization of the reaction rates that separates the time scales between autocatalytic
reaction dynamics and production/degradation dynamics. It avoids the usual rescal-
ing the process in terms of the volume parameter, and hence allows us to obtain a
stochastic approximation that: (a) provides the dynamics in time (rather than just
the stationary distribution), and (b) is valid at small volumes (where the discreteness
induced transitions are prominent). While our detailed analysis focuses on the two
species case, we also illustrate the fragility phenomenon in some systems with more
species. This raises further interesting questions about the differences between loop
structured autocatalytic reactions and other TK-like models with more connected
autocatalytic reaction networks analyzed by Bibbona et al. [9].

1.1. Our contributions. We consider a TK model with an arbitrary number of
species, which incorporates additional mutation reactions and removes the assumption
of symmetry in the autocatalytic rates. Fast changes in species counts in the two
species case of our model connect naturally to the Moran model, a feature already
noted for the model with symmetric autocatalytic rates in [8, 46] and significantly
utilized in [26] for the analysis of their model with asymmetric autocatalytic rates.

Within our formulation we propose a comprehensive analytical and probabilistic
approach to characterize fragility in such a TK system. In particular, we show that
the separation of time scales between fast autocatalytic interactions with mutations
and the slower production and degradation reactions gives rise to a stochastic aver-
aging principle, which we prove rigorously. This averaging principle links the rapid
fluctuations due to the autocatalytic reactions with mutations to the time evolution
of the total population size. For the two species case, we derive explicit formulas for
the stationary distribution of the fast dynamics and analyze how the mean number for
each of the species varies with the population size, revealing that even slight asymme-
try in the autocatalytic rates can lead to qualitatively different asymptotic behavior.
We also investigate the regime where mutation rate constants are small compared
with the autocatalytic rate constants, using stochastic singular perturbation tech-
niques and diffusion approximations, clarifying the role of mutations in shaping both
variability and stability of autocatalytic networks. Finally, we give some examples
of behavior that can occur when there are more than two species. These prelimi-
nary explorations for multiple species point to a wealth of open questions for future
research.

Our results advance the theoretical understanding of how asymmetry and small
parameter perturbations influence the robustness of autocatalytic systems, with po-
tential implications for more general biochemical networks.

1.2. Organization of the paper. The rest of the paper is organized as follows.
In Section 2, our stochastic model of the TK system for d species with mutations
is defined using a d-dimensional Continuous Time Markov Chain (CTMC). In Sec-
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tion 3, we consider a family of such models indexed by a small parameter € > 0, where
the autocatalytic and mutation reactions are considered to be fast (of order 1/¢) and
the production and degradation reactions are slower (of order one). The disparity
in speed of reactions enables us to establish a rigorous stochastic averaging theorem
(Theorem 3.1), characterizing how an average of the fast dynamics influences the
degradation of the slower evolving total population size process. Steady-state means
for the components of the fast process, with fixed total population size, feature promi-
nently in the stochastic averaging theorem. In Section 4, for the case of two species,
we provide an explicit formula for the stationary distribution of the fast process (with
fixed total population size), derive the associated means and explore their behavior
as functions of the total population size. In particular, we observe fragility — sub-
stantially different qualitative asymptotic behavior of some means (as the population
size goes to infinity) in the symmetric versus the asymmetric regime. In Section 5, we
further explore the behavior of these means when mutation rate constants are small
compared with autocatalytic rate constants, using a singular perturbation method and
a constrained Langevin (diffusion) approximation. In Section 6, we provide numeri-
cal results for some examples of our model with more than two species. Preliminary
investigations suggest that fragility can occur for four species but not for three. This
illustrates that there are many interesting questions to explore in the future for mod-
els with more than two species. Additional mathematical details are relegated to the
appendices.

1.3. Notational conventions. Let Ny denote the set of non-negative integers
and R denote the set of real numbers. Given a positive integer d, Ng (resp. R?) will
denote the set of d-dimensional vectors whose entries are in Ny (resp. R). We endow
Ny and N¢ with their discrete topologies and R and R? with their usual Euclidean
topologies. The o-algebras on these spaces will be the usual Borel o-algebras. Let
€1,es,...,eq denote the standard unit basis vectors in R?, i.e., e; = (1,0,...,,0),
es = (0,1,0,...,0),...,eq == (0,0,...,1). We will use the notation (i)4 to denote
¢ (modulo d) — the remainder after integer division of ¢ by d. For a real-valued
function f of a real variable, we say f(u) = O(u) as u — 0 if @ is bounded for all
u in a sufficiently small neighborhood of zero. For a set U, we denote the indicator
function of U by 1y () defined as 1y (z) = 1 if x € U, and zero otherwise. For
sets U and V in R? for some d > 1, the space of V-valued continuous functions on
the set U will be denoted by C(U,V). The subset Cyp(U, V) of C(U,V) consists of
the bounded continuous functions from U into V. When V = R, we simply write
Cy(U) for Cy(U,R), and C(U) for C(U,R). When U C R, the space of cadlag (right
continuous with finite left limits) functions from U into V is denoted by D(U, V),
which we will typically equip with the Skorokhod Ji-topology [10, 23, 34]. Given a
measure v on a measurable space (W, W) and a function f : W +— R that is integrable
with respect to v, we denote the integral of f with respect to v by (f,v). Given
a separable metric space E, let M(]0,00) x E) denote the space of measures v on
[0,00) X E (endowed with the product Borel o-algebra), such that v([0,¢] x FE) < 0o
for all ¢ > 0. Also define,

M([0,00) x E) :={v e M([0,00) x E) : v([0,t] x E) =t for all ¢t > 0}.

The space M([0,00) x E) is equipped with the topology induced by the metric

vy = | T et (LA pulv ) dt,

0
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where p;(v, ') is the Prokhorov metric distance between the restrictions of v and v/
to [0,t] x E.

2. Togashi—Kaneko stochastic model with mutations. In this section, we
present our TK model with mutations as a Stochastic Chemical Reaction Network
(SCRN). For a general introduction to SCRNs, we refer the reader to [4, 53].

Let S1,59,...,5; denote d chemical species. Consider the following system of
chemical reactions:

(2.1) Si 4 Stisn)y — 19801, 0258 20, S g

where £ = (k1,K2,...,Kd), A = (A1, A2, ..., Aq), 0 = (01,02,...,0q), and p = (p; 5 :
i #j€{1,2,...,d}) are the reaction rate constants for the model. Note that mutation
reactions are not present in the original TK model. However, the stochastic averaging
result we present in Section 3 takes a vastly simplified form if we include mutations
since they eliminate absorbing states of a certain Markov chain that we will introduce
later. We will also analyze the behavior of the system as the mutation rate constants
approach zero. Note that the mutation reactions do not alter the total population
size.

Let X1(t), Xa(t), ..., X4(t) denote the species copy numbers of Sy, Ss, ..., Sq, re-
spectively, at time t. Write X (¢) = (X1(¢), Xa(t),...,Xa(t)) for t > 0. We assume
the stochastic law of mass-action [4, 23] throughout this paper, and model the stochas-
tic dynamics of the species copy numbers X using a CTMC. Following the random
time change representation [4, 23], the trajectories of the components of X can be
described via

(2.2)
Xi(t) = X;(0) = N (/0 K(i+1)dXi(u)X(i+1)d(u)du)

+ N, ( /0 t mXil(u)Xi(u)du)
+N}’</Adu> Nd</6X du> Z (/HUX()du>

e () mesto).

J#i

fort >0and i =1,2,...,d, where N*, N, N& and N[ for i #j € {1,...,d}, are
independent (of each other and of X (O)) unit-rate P01sson processes. The superscripts
a, b, d, m on the Poisson processes denote the reaction types: autocatalytic, production
(birth), degradation, and mutation, respectively. Here, ko = kg4, Xo := X4, and
N§ = N§. Let us define, for all ¢t > 0,

(2.3) Y(t) =X, = ZX

which keeps track of the total population size over all of the species Sy, So,...,S; at
time ¢. The trajectory of the process Y is described by

(2.4) Y (t) = Y(0) + i N? ( /O t )\idu> - éNﬁ ( /0 t 52-Xi(u)du> ,
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which reduces to a simple birth-death process with constant birth rate and linear
death rate when 0; = § for all i = 1,2,...,d. For each y € Ny, define the sets

(2.5) E,={xeNl:|z||, =y}, and E:={(z,y):2 € E,,y € No}.

The pair of processes (X,Y) satisfying (2.2) and (2.4) is itself a CTMC with infini-
tesimal generator () given by

d

Qf(x,y) = Z H(i+1)d$i9€(¢+1)d(f(x —€i T elt1)y y) — f(z,9))
i=1

d

Y Ni(f@+eny+1) — fz,y)

(2.6) o

—+ Zélxl(f(m — €Yy — 1) - f(x>y))
=1

d
+3 Y (e ey) — fay),

i=1je{1,2,...,d}\{i}
for bounded functions f : F +— R, and = := (21, 29,...,24), y such that (z,y) € E.

3. Multiscale analysis. Several works use a scaling approach to describe ap-
proximately the dynamics of the TK model [48, 49, 46, 9, 24, 54]. Most of them use
the volume of the system, with classical rescaling of mass-action rates by the volume
to simplify the stochastic dynamics and examine how and when it leads to “discrete-
ness induced transitions” (DITs) and concentration of the probability distribution
for the species counts near the boundary states. Such dynamics is prominent in the
parameter regime when the autocatalytic rates are fast relative to the production
and degradation of the individual species, hence it requires having production and
degradation rates be much smaller than the inverse of the size of the volume in order
to separate time-scales. The drawback of such rescaling is that a good approximation
requires a large volume, while the DITs are in fact observed predominantly for small
volumes. It also allows one to approximate only the long time probability distribution
of species counts, rather than of a stochastic process in time.

We analyze the CTMC model for the pair (X,Y’) without scaling of the volume,
and choose instead a scaling of the rates that directly separates the time-scale of the
autocatalysis from the production and degradation by a factor of €. This allows us
to derive an approximation for the behavior of (X,Y") for all volumes and leads to a
rigorous approximation for the stochastic dynamics of the total population size for all
species in time. The long time distribution of individual species counts is contained
within this dynamic process at each point in time.

3.1. Family of scaled models. We consider a family of models indexed by a
small parameter ¢ € (0,egp) for some g9 > 0, where for each ¢, (X¢,Y*) denotes a
CTMC defined as in Section 2 with parameters d;, A;, ki, s 5, replaced by scaled
parameters:

(3.1) 516 = 5i, )\;5 = )\i7 K/? = 671/%, ,uf’j = 871}”7]’,

respectively, where i # j € {1,2,...,d}, and d;, \;, ki, i;,; are positive constants. As
before, we write x = (Iil,lig, .. .,/{d), A= ()\1,)\2, .. .,)\d), 6= (51,52,...,6d), and
o= (/I'i,j 17&] € {17277d})



This scaling regime implies that the autocatalytic reactions and the mutation
reactions are fast compared to the production and the degradation reactions. Conse-
quently, the stochastic process X¢ is fast and has rapid jumps. On the other hand,
the stochastic process Y¢ is slow. Intuitively, as &€ becomes small, the effect of the
autocatalytic and the mutation reactions can be averaged. The fast variables can be
described by an ergodic CTMC when the slow variable is frozen to a particular value.
Therefore, in the limit of € — 0, the fast variables can be approximated by their er-
godic means, which will, of course, depend on the frozen value of the slow variable. In
turn, the slow variable Y¢ will evolve according to a production-degradation process
(a birth-death process in probability theory terminology) whose rates will involve
the averaged quantities (the ergodic means of the fast variables). We will make this
heuristic precise in the following section, where we will provide a rigorous stochastic
averaging theorem, which enables us to describe a reduced model for Y¢ when ¢ is
small.

Before presenting our stochastic averaging result, we remark that in the absence
of mutation reactions, the fast process can be described by a CTMC with multiple
absorbing states when the slow variable Y¢ is frozen at a given value y. The lack
of a unique stationary distribution for the fast process leads to a technical challenge
for identifying the limiting description of the slow process. The introduction of the
mutation reactions helps us avoid this situation.

3.2. Stochastic averaging theorem. The idea of stochastic averaging dates
back to the works of Khas’minskii [30, 38]. Since then, the method has been applied
to a wide variety of applications such as stochastic approximation algorithms [13, 40],
dynamical systems [52, 55], Partial Differential Equations (PDEs) [43], and queueing
theory [5, 44]. In the context of SCRNs, early examples of the application of the
stochastic averaging principle are [6, 18, 36, 37], where sufficient conditions are de-
rived for various multiscale approximations in terms of the generators. Some recent
contributions include [20, 27, 28, 41]. We will follow the approach of [39] in this paper.

In order to carry out the averaging, first note that, under our scaling regime, the
generator Q(¢) in (2.6) becomes

d
QE)f(w,y) = e Rarna i, (f(@ = ei + e, y) = f@,y))

i=1

d
Y N(f@+eny+1) = fz,y)
(3.2) o
+ Z 51.131(f($ — €Y — 1) - f(x’y))
=1

d
+Z Z e i jzi(f(z — e +ej,y) — fl2,y),

=1 je{1,2,...,d}\{¢}

for x € Ey, y € Ny, and bounded functions f : £ — R. Now, for each fixed y € Ny,
8



consider a CTMC on the state space F, with infinitesimal generator given by

d

Byg(x) ==Y K1), Ti (i), (9(2 — €i + e(it),) — 9(x))
i=1

d
+> > migmig(r —ei+ej) — g(x),

i=1 je{1,2,...,d}\ {3}

for x € E, and g € Cy(E,). Since the CTMC is irreducible, and supported on a finite
state space £, the Markov chain is ergodic. Let 7, denote the unique stationary
distribution for this CTMC. We are now ready to state our main result.

THEOREM 3.1. Assume Y¢(0) = y(0), a non-random non-negative integer, inde-
pendent of €. Then, as € — 0, the process Y¢ converges weakly to a stochastic process
Y in the space D([0,00),Ny) equipped with the Skorokhod Jy-topology, where Y is a
CTMC on the non-negative integers, No, with generator G given by

d d
(34)  Ghly) = (Z Ai> (h(y +1) = h(y)) + (Z 5im7’”(y)> (hy = 1) = h(y)),
i=1 i=1

for h € Cy(Ng) with Y (0) = y(0), and mt""(y) = (x;,m,) = > wer, Timy(x) for
i=1,2,...,d.

The proof for Theorem 3.1 is given in Appendix A. Note that mt""(0) = 0 for
i=1,2,...,d. Therefore, the limiting stochastic process Y is, in fact, a birth-death
process. As alluded to at the beginning of Section 3, the effect of the autocatalytic
and the mutation reactions is entirely averaged in the limit of ¢ — 0. When the
slow variable Y* is at level y, i.e., Y¢(t) = y at some time ¢, the fast variables
are approximated by their ergodic means m‘""(y), which yields the generator G for
the limiting process Y. In the next two sections, we will analyze the stationary
distribution 7, when d = 2.

4. Stationary distribution and means for the fast process with two
species. The averaged slow process Y in (3.4) involves knowledge of the stationary
distribution 7, of the fast process X® with Y° = y frozen. This fast process is a
CTMC on the state space E, whose generator B, is given in (3.3). Such a process
has the same law as a system of reactions that only has autocatalytic reactions and
mutations, and whose sum of all species counts is conserved to equal y. An explicit
formula for its stationary distribution for general d is unknown (except in the case
when d = 2 and autocatalytic rates are all equal, cf. [33] eq. (11)). When d = 2
and mutation rates satisfy u;; = pj, for all ¢ # j, but the autocatalytic rates x; are
not necessarily all equal, we will use an observation of Gallinger and Popovic [26] to
relate the fast process on E, to a process used in population genetics known as the
Moran model with genic selection. For the remainder of this section and the next, we
assume that p;; = p;, for all 7 # j.

The Moran model is used for describing a population of d species types undergoing
mutations with parameters and genetic drift (reproduction by resampling) under genic
selection. This population genetics model is different in general from the fast process
for the original TK model in that its reproduction by resampling, which corresponds
to autocatalytic reactions S; +S; — 25;, is assumed to occur between all pairs of
species types (as in Sec. 4 model of [9]), rather than only for pairs in a loop, j =
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(i+1)4, as in the TK model. However, this is not an issue for models on two species,
when the Moran model with genic selection and the fast TK process are equivalent.
The stationary distribution for the population genetics model is known (as shown by
Etheridge and Griffiths in [22]) to be a weighted version of the Dirichlet-Multinomial
distribution on the (d—1)-dimensional simplex. When d = 2 the Dirichlet-Multinomial
is also known as the Beta-Binomial(y, ) distribution, and, by (14) in [22], we have
that the stationary distribution 7, satisfies!

(4.1) my(z1) o< K1 RY T (y) ((X1)(w1)(042)(y7z1)7 r1 €40,1,...,y}
Zal (la) )

where the parameters of the Beta-Binomial are

(42) a1 = &, Qg = ’UQ, |Oé| = o1 + «o,
K1 Ko
(@) (z,) is the ascending factorial or the Pochhammer function, (a)y,) = ala +

1)...(a + 21 — 1). The stationary distribution m, can also be written in terms of
Gamma functions, using (@) (z,) = I'(a + 21)/T'(a), as

ywl(y) L(lal) T(ar+21) Doz +y — 1)
(

my(21) < K1k , x1€{0,1,...,y}
) o G ) Tal+9) D) Tlag) P L)

4.1. Means under the stationary distribution for the fast process for
two species. In order to calculate the means mf""(y) = Er, [2;], i = 1,2, we need
to evaluate the normalizing constant for m,:

W (y Z ey 11( ) I(laf) Il +$1)F(042+y—$1))
2 Tlal+y) T  Tag)

which can be expressed as u*"(y) = ]Eﬂ-yBB [Kﬁ/{g*g] = Kkj U s)|s:1n(“—1) using the
Beta-Binomial(y, a) distribution 7;*" for the random variable &:
(4.3)

BB y\ Tlontas) T(eg+z1)las+y—a1)

, € {0,1,...,y},
Ty ()= <$1> Pl +ag+y) (o) ['(as) med v}

whose moment generating function is denoted by W¢(s) = E s5[e%¢], s € R.
When the rates of autocatalysis are equal, K1 = ko = K, the normalization factor
is simply u”*(y) = kYE, BB [1¢] = k¥, and the stationary distribution reduces to the

Beta-Binomial(y, «) d1btr1but10n 7TBB for which the mean is easy to evaluate:

(€3]

(4.4) my"(y) =Erprld] =y ——

The stationary distribution in this symmetric case was derived in [33], its mean first
passage times were computed in [46] and approximated by SDE methods in [7]. The
same distribution (4.3) appears, perhaps surprisingly, as the stationary distribution,

'Here, when d = 2, my(x) = my(z1,y — z1) can be viewed as a function of z1 € {0,1,...,y},
which we abbreviate as my(z1). We shall use this abbreviated notation in this section and the next
one. The sign o« denotes that the expressions are equal up to a multiplication by a normalizing
constant.

10



conditioned on total population size, for the original symmetric TK model on two
species — see Theorem 3.1 of [9].

For asymmetric rates of autocatalysis, we use the known expression for the Beta-
Binomial(y, «) moment generating function W¢(-), in terms of the Gauss hypergeo-
metric function 2 Fi(a, b, c; z) (cf. [19]):

(4.5) Ue(s) = oF1(—y, 01,00 + ;1 —€%),

so that

K
ut (y) = /@%\I@(S)LZIH(ﬂ) =Ky oF) <y, a1, 00 + a9yl — ml)
K2 2

and the mean m/"" is then given by

R P ) I AT~
! Uﬂv“(y) a1=0 Ko v \IIE(S) s:ln(:—;)
K K

from which one also directly obtains the mean m4™*(y) = y —m{""(y) of y — 1 = xs.
The Gauss hypergeometric function, when evaluated in the first coordinate at a
nonpositive integer a = —y,y € Z, reduces to the polynomial

n

(4.7) oFi(—y,b,c2) = Z(_l)n (y) () (n) -

n=0

The derivative of the Gauss hypergeometric function with respect to the last variable
is known (cf. Chapter 15 in [1]) to satisfy

b
0, 9F1(a,b,¢;2) = oF1(a+1,b4+1,c+ 1; 2) @
¢
hence
o
Bs 2 Fi(—y, 1,01 +ag; 1 —€®) = oFi(—y + 1,01 + Lag +ag + 1;1 — €*) yet ———
o1 + Qo

and we get an expression for the mean m}”" in terms of these functions as

(4.8) m“»ﬁ(@/):yﬂ ap 2Pyt lat+latar+1i1- )
1 Ko a1 + Qg 21 (—y, a1, a1 + a1 — 12)

Using asymptotics for the hypergeometric function o Fy, we show in Corollary B.1 that

4.9 lim mi"(y) = —L
(49) Jim () =
for 0 < k1 < Ko and py, po > 0.
Note that, when autocatalytic rates are symmetric, k1 = k2, then the mean

mi" (y) = yalojrla2 grows linearly; whereas when autocatalytic rates are asymmetric

for 0 < K1 < K2, m{""(y) tends to a (positive) constant as y — oco. An intuitive
explanation of this phenomenon is that: when the autocatalytic rates are symmetric
their dynamics is unbiased creating an equal pull towards each boundary; this results

11



in a stationary distribution that is evenly distributed near the two boundaries z; =
0 and z; = y with the proportion determined by the asymmetry in the mutation
rates directing the departures away from the boundaries; in the case of asymmetric
autocatalytic rates, their bias pulls the dynamics towards one boundary, and this pull
counterbalances the departures away from the boundaries for larger values of y due
to the quadratic nature of autocatalysis; this results in a stationary distribution that
after some value of y is predominantly concentrated in a very small neighborhood of
the boundaries - for k; < kg this concentration ends up in a small neighborhood of
21 = 0 with (4.9) determining the mean of the mass not on the boundary itself. This
limiting value tends to ’;—; as k1 — 0 with pq, ko fixed, and it tends to zero as u; — 0
with k1 < kg fixed (see Figures 1 and 2 for a visual illustration).

The above analysis demonstrates fragility, i.e., markedly different qualitative be-
havior in the symmetric and asymmetric TK models with mutation for large popula-
tion sizes.

250%
200 - — k=1
. [ k1 = 0.9999
my" (y) % — Ky =0.999
100 — k1 =0.99
505 — k1 =0.9

100 200 300 400 500

Fic. 1. Plot for ml’ﬁ(-) for the two species TK model with mutations. Here, oj = %,
i
j = 1,2, and we take p1 = p2 = 0.01, ko = 1 and various k1. As y keeps increasing, the green
curve (k1 = 0.999) and the orange curve (k1 = 0.9999) will eventually decrease to 1—0(5(.)399 =10 and
% = 100, respectively, as predicted by (4.9).
40+
30 -
— =1
KK
ml (y) 20 /1/1 — 0.1
- M1 = 0.01
10 — w1 = 0.001
o~ . .
50 100 150 200
K

Fic. 2. Plot for m’f"@(~) for the two species TK model with mutations. Here, a; = —*

K’
7 = 1,2, and we take uz = 0.01, k1 = 0.9, ko = 1 and various p1. For each pi wvalue, the curve

asymptotes towards K;ilm = 10p1, as in (4.9).

4.2. Implication for the slow process. In this section, we explore how fragilityll
in m{""(-) can lead to different stationary behaviors of Y (whose generator is given in
(3.4)) in the symmetric (k1 = k2) and the asymmetric (k1 < K2) cases.

12
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stationary 0.08F o K1 < Ko
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_ 0.06 | R1 = R2
of Y

0.04

0.02F ..

0.00 set ‘ ‘ ‘
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FIG. 3. Stationary distribution for Y whose generator is given in (3.4) for the two species
TK model with mutations. Here, we take p; = pug = 0.01, ko =1, A1 = A2 = 2.3, 61 =1, é2 = 0.1,
and we take k1 = 0.9 in the asymmetric case (and k1 = 1 in the symmetric case). The mean and
the variance of the stationary distribution for the symmetric case are 8.364 and 8.364, respectively.
The mean and the variance of the stationary distribution for the asymmetric case are 34.592 and
114.366, respectively. Note that for different values of k1 = k2 while keeping other rate constants
fized, we have the same stationary distribution for Y as what is shown in the orange distribution.

In the symmetric case (k1 = k2), we have by (4.4) that

BN H1 BN H2
m = and m = ,
1" () o 5" (y) Y

and so

2
011 + Oapto
> ami(y) = Y=
i=1 H1 7 H2

Hence, Y is a birth-death process with constant birth rate and linear death rate (which
models an M/M/oco queue), and its stationary distribution has a Poisson distribution
with mean QifA2)lntus)
011 +02 02
to the values of k1 = kao.

In the asymmetric case (k1 < k2), we have by (4.9) that

2
(4.10) Dl P e ——— (y - ’“) 7
=1

. Note that the stationary distribution for Y is insensitive

K2 — K1 K2 — K1

where G (y) ~ G2(y) means lim,_, gigz; =1.

In Figure 3, we plot the stationary distribution for Y in both the symmetric case
and the asymmetric case when Jo is small. Specifically, we take p; = po = 0.01,
A = X =23,6; =1and d = 0.1. When k1 = ko = 0.9 or k1 = ko = 1, the
stationary distribution for Y is a Poisson distribution with mean %. This Poisson
mean does not depend on the value of k1 = k3. On the other hand, when x; = 0.9
and ko = 1, the stationary distribution is no longer Poisson and deviates greatly from

those in the symmetric cases (the case of k1 = ko = 0.9 and the case of k; = ko = 1).

5. Further analysis of the stationary distribution of the fast process
for two species. In this section, we explore small mutation limits for the stationary
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distribution for the fast process, m,, and its first-coordinate mean m}""(y), which are
introduced in Sections 3 and 4. In Section 5.1, we take a stochastic singular pertur-
bation approach [14] to find such limits. In Section 5.2, we apply the Constrained
Langevin Approximation (CLA) [3, 16, 42] and explore the limiting behavior of the
density for the stationary distribution of the CLA. The two methods give comparable
asymptotic results to describe m, when the mutation rates p; and po are small, and
both approximations capture exactly (4.4) in the symmetric case (k1 = Kk2).

5.1. Limit of stationary distribution for the fast process as mutations
vanish. Assume that £ = {2 and i = “Tf are constants. As was done for the 1D
model in Bruno et al. [14], when gy > 0 (with pus = fipq) is small, the stationary
distribution 7, for the fast process can be characterized using a power series expansion
in terms of p1. Compared to the notation used there, Dy is replaced by 3, DR and
DA are replaced by S; and S, ké/V and kg/V are replaced by k1 and ko, 04 = 5—1—15@
and 0 = 4§ + l?:g are replaced by p; and ps, respectively. From [14], we have that as
w1 — 0,

7#2:1, 4+ O(p1) forz; =0
2 y—=—1
my(x1) = mﬁ;mg rpur +0(u3) forz e {l,...,y—1}
1+,1gy—1 + O(Ml) for z1 =y,

and then m/""(y) is approximately H[;JW when g and po = fip; are small. When
K1 = Ko, this approximation is the same as (4.4). On the other hand, when k1 < k2
and we let y — oo, the approximate value converges to zero, which is the same as the
limit obtained by letting uq — 0 in (4.9).

5.2. Constrained Langevin Approximation for the fast process. We ap-
proximate the stationary distribution m, of the fast process, under a fixed total pop-
ulation size, using the Constrained Langevin Approximation (CLA) [3, 16, 42]. For
fixed y > 0, suppose that X denotes the molecular count of species S, governed
by the generator B, defined in (3.3). We normalize the species count and scale the
reaction rates as follows:

Z9(t) =y ' XY(t), m1i=y 'R, ke =y R

The normalized count of species S7 then evolves according to

Z9(t) = 29(0) + iNl (/Ot yia 29(s) (1= 2%(s)) d8>
ﬁNQ (/Ot yRaZY(s) (1 - Zy(s)) ds>
+$N3 (/Ot g (1= 29(s)) ds> - §N4 </Ot ynaZ¥(s) ds) ,

for t > 0, where Ni, k =1,2,3,4, are independent unit rate Poisson processes.
The CLA for this process (see [16]) is a one-dimensional reflected diffusion process
living on [0, 1] satisfying

(5.1) Zy(t)_zy(0)+/0tb( ds+—/ (Z¥(s)) AW (s)

+;§ / (Lioy (29(s)) — Lpuy (2%(s))) ALY (s),
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for t > 0, where Z¥(0) = Z¥(0), W(-) is a standard one-dimensional Brownian motion
and LY(-) is a continuous non-decreasing one-dimensional process that only increases
when ZY is at 0 or 1. Indeed, LY is the local time of the process ZY at the boundary
points 0 and 1. The drift and diffusion coefficients are

b(z) = (i — F2)2(1 — 2) + (1 — 2) — pa,
0%(2) = (R + Ro)z(1 — 2) + p1 (1 — 2) + poz.
The stationary distribution for ZY is given by

(5.2) p(z) = UQC;yz) exp (/OZ ibz(zg)y du) , z €[0,1],

where Cy is a normalization constant (see Example 2 in [3] for how to derive this).
Using this expression, we analyze the behavior of p(z) near the boundary points z = 0
and z = 1.

\ [‘
25f | \
200 | f“
15[ ﬂ‘ — pp =g =1
p(z) 0l N/ / pa = p2 = 0.1

| , — 1 =p2 =0.01
05¢L / ~— :\
00" | | ' | \

0.0 0.2 0.4 0.6 0.8 1.0

Fic. 4. Density p(-) of stationary distribution for the CLA for the two species TK model
with mutations. Here, we take V =y =10, k1 = 0.9, kg = 1, and various p1 = p2.

We see from Figure 4 that when p; and po are small, the density (5.2) of the
stationary distribution for the CLA concentrates around 0 and 1, and then m}"" (y) is
approximately #% =y/(1+ %). In the following proposition, we characterize
the limit of p(0)/p(1) as u1 and ps go to zero proportionally. From this it can be
seen that for k1 = k2, the approximation for m{""(y) in this limit is y/(1 + /), which
agrees with (4.4). For k1 < k2 (k > 1), the approximation for m4""(y) in this limit is
y/(1+ ﬁexp(2y%)), which tends to zero as y — oo and is consistent with the limit

as p1 — 0 of (4.9).

PROPOSITION 5.1. Assume that & = ’;—f = % and i = % are constants. Then,
for p= (p1, p2) = (u1, fipn), we have the following directional limit
. op(0) k-1
5.3 lim —= = 2 .
(5.3) o o uexp< Vel

Proof. In the following, the integrand is bounded in absolute value by 1 (for all
w1 > 0) and so we can use bounded convergence to take the limit inside the integral
and obtain

1 1 - _ ~
b — 1— 1—2)—
lim/ &dz:/ lim ("fl ffz)z( 2) + i ( z) 'lf'ulzdz
=0 Jg O (Z) 0 H1—0 (H1+;‘<&2)Z(l—z)+M1(1_Z)_|_’u'ulz
K1 — Ko o 1-&
Ri+FRy 14F&
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§§§3§ = 12 = [i, yields the desired result. 0

Combining this with (5.2) and

6. Stationary distribution for the fast process with more than two
species. In this section, we describe a few sample results emanating from our pre-
liminary exploration of the behavior of the means m4>"(-) for the fast process when
there are three or more species. As far as we know, there are no existing closed-form
formulae for the stationary distributions 7, when d > 2. Nevertheless, with the total
population size fixed at y, the fast process is an irreducible, finite state continuous
time Markov chain with infinitesimal generator By, and so it is possible to numerically
find m, by solving m, B, = 0 and normalizing.

Recall that m!""(y) = D weng: o],y Timy(x) for i = 1,2,....d. In Figures 5
and 6, we plot m/""(-) for the three species and four species TK models with mutations
for some sample parameters. Here, for the three species case, each m!*"(y) tends to
grow approximately linearly as y increases, and we did not observe fragility. In the
four species case, some m/""(y) seem to tend to grow linearly as y increases, while
others seem to tend to have finite limits as y increases. This suggests that there may
be some fragility in the four-species model. Based on similar preliminary samples, we
believe that exploring fragility in multi-species TK-like models is an interesting topic

for future study.

1ol — my""(y)

MK by K
me™" (y) mb ™ (y)
—— mb"(y)

Fic. 5. Sample plot for mf”(), i =1,2,3, for the three-species TK model with mutations.
Here, we take k1 =1, ko = 2, k3 = 3, pu2,1 = p3,1 = 0.01, p1,2 = p32 = 0.02 and p1,3 = p2,3 =
0.03.

20}

. — ()
1K
mb" (y)
MK 10}
Me Y :
) —— m5"(y)
5 — mZ’K(y)
0 e e
0 5 10 15 20 25 30
Yy
Fic. 6. Sample plot for m!""(:), i = 1,2,3,4, for the four-species TK model with mu-
tations. Here, we take k1 = 1, ko = 2, k3 = 3, ka = 4, p21 = p3,1 = pa,1 = 0.01,

p1,2 = p32 = pga,2 = 0.02, p1,3 = p2,3 = pa,3 = 0.03 and p1,4 = p2,4 = p3,a = 0.04.
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7. Discussion. In this paper, we provide a multiscale analysis of the d-species
TK model with mutations allowing for asymmetry in the reaction rates. In particular,
we prove a stochastic averaging principle, which allows us to average out the fast
process and describe the dynamics of the slow process (keeping track of the total
population size) in terms of certain summary statistics of the fast process. When
the slow process is frozen at a given value, the dynamics of the fast process can be
described by means of an ergodic continuous-time Markov chain. For the TK model
with two species, we provide a thorough analysis of the stationary distribution of this
Markov chain and its first moment to demonstrate fragility when there is asymmetry
in the autocatalytic reactions. Preliminary numerical calculations for the TK model
with more than two species suggest a nontrivial dependence of the fragility on the
dimension (number of species) as well as the asymmetry. The clear appearance of
fragility in dimension four despite no such indications in dimension three is intriguing,
and leaves many open questions for research, which we plan to pursue in the future.

The notion of fragility also connects to a broader theme in the study of chemical
reaction networks: stochastic and deterministic descriptions of the same system can
differ markedly. As shown in [2], extinction events in the stochastic setting may have
no counterpart in deterministic models, where boundary equilibria dominate. De-
terministic approaches can sometimes capture switching behavior through stability
analysis of equilibria [12], but many switching phenomena arise only stochastically
[11]. Autocatalytic systems are particularly sensitive in this respect, as their stochas-
tic and deterministic formulations may diverge sharply [51]. Several approximation
methods have been proposed to study such dynamics [8, 24|, underscoring their rele-
vance not only in abstract theory but also in biology, where autocatalytic processes
are widespread and even hypothesized to have contributed to the origin of life [32].

Appendix A. Proof of Theorem 3.1. Let us define the operator A :
Cy(Np) — C(F) as follows:

d d
(A1) Af(z,y) = (Z Az) (fly+1) = fy) + (Z 6m~> (fly—1) = fy),
=1 =1

for f € Cp(Ny) and (z,y) € E. Note that here f : Ny — R and the function
Af : E — R, where the set E is defined in (2.5). Therefore, while f has only one
argument, the function Af has two. The operator A will be useful in the proof of
Theorem 3.1, which we now present.

Proof of Theorem 3.1. We will follow [39, Theorem 2.1]. Let {Ff,t > 0} denote
the filtration generated by (X¢,Y*?), i.e., Ff = o((X°(s),Y=(s)) | s < t) for t >
0. First note that the family of processes {Y¢,e € (0,e0)} satisfies the compact
containment condition: for each T'> 0, a € (0,1), there exists a compact set Ko 1 C
Np such that

infP(Y*(t) € Ko, t <T)>1—a.
g
To see that this holds, for fixed T' > 0, note that for 0 <t < T,

Ye(t) < y(0) + i)Nﬁ’ ( / t Aidu> ,
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which implies that

(A.2) sup Y(¢t )+ ZNZ’ (/ )\idu> ,

t<T

since sample paths of Poisson processes are nondecreasing. For a € (0,1), let ng
be a sufficiently large positive integer that P (Zr < ngr) > 1 — a, where the random

variable Zr ~ PorssoN(T Z?Zl Ai). Then, we can choose Ko7 = {0,1,...,nq71 +
y(0)} so that

(A.3) fP(Y*(t) € Ko, t <T) > infP(Zp < ngr) >1—a.
€ €

Since Y© = || X*¢||,, the above also immediately implies that the collection {X*®(t),t €
[0,T),e € (0,e0)} is relatively compact as a collection of Nd-valued random variables
for each T' > 0. In fact, the collection of random measures {I'*,¢ € (0,¢¢)}, where I'®
is defined on [0, 00) x N such that

¢
Ire([0,t] x U) := / 1y (X°(s))ds, t>0,UCN¢,
0
is relatively compact as a collection of M ([0, 00) x N¢)-valued random elements. This

follows from Lemma 1.3 in [39] and the fact that for any 7' > 0, a € (0,1), with K,
as in (A.3) and K, 7 = {z € N¢ : Z _1 % € Ko7}, we have using (A.3) that

E [T=([0, T] x f(aj)] - /OTIP (Xs(s) e f(mT) ds
>TP <squ€(t) € Ka,T) >T(1—a).
t<T

To show relative compactness of the collection {Y <, e € (0,e¢)}, given the compact
containment proved above, it suffices to prove (see Theorems 3.9.1 and 3.9.4 of [23])
that for every f € Cp(Np), € € (0,20), the stochastic process

(A4) M(t) := f(YE(t))—f(YE(O))—/O Af(X(s),Y5(s))ds, t=0,

is an {Fj }-martingale, and for each T' > 0,

(A.5) supE

/0 |Af(XE(s),YE(s))|2ds] < 00,

where A is the operator defined in (A.1). To see these properties, fix f € Cy(Np),

€ (0,e0) and T > 0. Define the function hy € Cy(E) by hs(z,y) = f(y) for
(z,y) € E, so that hy does not depend on the first coordinate. Then, for all (z,y) € E,
d
Qe)hy(z,y) =Y N(f(y+1) )+ Zé z; — f(v) = Af(x,y),
i=1

i.e., the two functions Q(¢)h; and Af are identical. Since Q(¢) is the infinitesimal gen-
erator for the Markov process (X°,Y ), then {hs(X°(t),Y=(t)) — hy(X°(0),Y<(0)) —
18



fo (e)hp(X=(s),Y<(s))ds,t > 0} is a local {Fy}-martingale (see [4, 23]), and since
this is the same as M I defined in (A.4), the local martingale property also holds for
M5. Next, we observe that by (A.1)-(A.2),

E /OT|Af(X8(s),YE(s))|2ds] < 8|f2.TE (ZA) + (max5)2 (Squa(t))z

t<T

< 8|27 (€2 + C3E |(4(0) + Z1)°] )
(A.6) <8|f12.T (CF +2C3(y(0)* + C1 T + CT?))

where | f|oo = sup, ey, [f(¥)], C1 = S i, Oy = max?_, §; and we used the fact that
E [Z%] = C1T + C}T?. Combining this with the boundedness of f and the Cauchy-
Schwarz inequality, we can see that for each ¢ > 0, { M j(t/\m)}i":l is L?-bounded and
therefore uniformly integrable for any sequence of stopping times {7;}72 . It follows
that M$ is in fact an {F7 }-martingale, not just a local martingale (see Proposition
1.8 of [17]). Furthermore, we see from the above inequality, where the last line is
independent of e, that (A.5) holds. Hence, {Y¢,e € (0,e9)} is relatively compact.

Combining all of the above, we have that the collection of random elements
{(Y=,T%),e € (0,e0)}, which take values in D(]0,0),Ng) x M([0,c) x N2), is rela-
tively compact. By the same reasoning as in the proof of [39, Theorem 2.1], for any
weak limit point (Y, T) of {(Y*,T¢),e € (0,€)} along a sequence of ¢ tending to 0, we
have that the process

(A7) ﬂﬂm—ﬂﬂw—/ Af(x, ¥(s))T(ds x dz), >0,

[0,t]xNg

is an {F;}-martingale for all f € Cp(Np), where we can take the filtration {F;,t > 0}
to be the natural filtration generated by (Y, T), i.e., F; = o (Y (s),['([0,s] x U) | s <
t,U C N@).

Now, define the operator B : C,(Ng) — C(E) as Bg(x,y) = B,g(r), where B, is
the operator defined in (3.3). Setting h, € Cy(E) as hy(z,y) = g(z) for g € C,(N3),
we see that the process Mg defined for ¢t > 0 by

M30) = 1y (X5 (0,Y5(0) = (0,750 = [ QX5 ¥ (5
= 9(X*()) = 9(X°(0)) - /0 e Bg(X=(s),Y*(s))ds — AY(1),
is a local {F7 }-martingale, where Af(t) is given by

/ (5) + e1) — g(X°(s)))ds

+/0 Z‘Sz'Xf(S)(g(XE(S) —ei) = g(X°(s)))ds.

By similar reasoning to that surrounding (A.6), we can show that for each T' > 0,
E [fOT |Q(5)hg(X€(s),Ys(s))|2ds} < oo and conclude that My is in fact an {Fj}-
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martingale, not just a local martingale. Also, for 7" > 0,

d
. £ < s =) < i . =
gl_I}%)E L?ggdAg(t)@ < C’Tah_r}})IE {igng (t)} < ;g%sCT <y(0) + T;)\z> 0,
for a positive constant C'. Therefore, by multiplying Mg with e and letting ¢ — 0,

using the weak convergence of (Y¢,T¢) to (Y,I') along a subsequence of ¢ tending to
zero, and the boundedness of the function g, we obtain that

/ Bg(w, V(s)T(ds x dz), ¢ >0,
[0,t]xNg

is a continuous, locally of bounded variation {F;}-martingale, and hence, is constant.
That is, for all g € Cy(NZ), we have

/ Bg(z,Y (s))T'(ds x do) =0, forallt>0
[0,¢]xNd

almost surely. Following [39, Example 2.3], since the CTMC generated by B, is
ergodic and admits a unique stationary distribution m,, which is a probability measure
on N¢ concentrated on E, for each y € Ny, it follows that almost surely

[(ds x dz) = ds x my (4 (dz), on [0,00) x N,

Then, from (A.7), we may conclude that the limit point Y is a solution to the mar-
tingale problem for the generator

d
> Af(xy)my(x) = (Z Ai) (fly+1) = f(y))

zEE,

+
— Gf( D

d
> 5im§"”(y)> (fly—1) = f(y))
i=1
Y),
where f € Cy(Ng), mi""(y) = erEy x;my(x) and the operator G is the generator in
(3.4). Because the process Y is upper bounded by a pure production (birth) process
with production rate Zle Ai, the solution to the martingale problem can be shown
to be unique up to stopping times T}, = inf{t > 0 : Y(¢) = k} for k € Ny, and
since limg_oo T = 00 almost surely, the uniqueness extends to the situation without
the stopping times. From this uniqueness, it follows that {Y* ¢ € (0,g9)} converges
weakly to the unique solution of the martingale problem. This completes the proof.

Appendix B. Asymptotics for the hypergeometric function and deriva-
tion of (4.9).

The hypergeometric function is given for 0 < z < 1, ¢ # 0,—1,-2,..., by the
Gauss power series

e N @O 2
2F1(a,b,¢;2) == Z T (©Om Al

n=0
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where (a)(y) is the rising factorial or the (ascending) Pochhammer function, which is
such that (a)) =1 and for n > 1, ()n) = a(a+1)...(a+n —1). First, note that

2F1(_a7 b; C; Z) = 2F1 (b> —a,c; Z)
by symmetry with respect to the first two arguments in the o F3 function.
Lemma B.1. Fix 0 < b < cand 0 < z < 1. Then,

) i @2P2C LY Lo b 1) e
’ a— 00 QFl(fa, b, C; Z) o Z.

Proof of Lemma B.1. For this proof, we use asymptotics of 5 F;, following Temme
[47]. The function 2 F; has an integral representation of the form

oF (—a,b,c;2) = m/{) =11 — 1)1 — 2t)%dt,

for¢>b>0,a>0,0<z<1 (see (28.3.39) in [47]), which can be transformed into
the following (see (28.3.51) in [47]):

2F1(_a7 bv G Z) = 2F1(ba —a, Z) = (1 - 2)071771 (ln(l_;Z)> ) Fa(bv ¢, 'U})
where w = (a + 1) In(1 — 2z) and
_ & ! s Sb—l _s c—b—lews s
B2 Rbew) = gmo—g [ 68 0 - 0 e,

with ¢(u) = (£=1)"7" p(w) = (£22) " for u £ 0 and f(s) = ¢(sIn(1—2))yp((s—

1)In(1— %)) for s € (0,1). Extending ¢, ¢ and f by continuity to be defined at 0 and
since there is a power series expansion for <! near u = 0, there is a power series
expansion for

(B.3) g(s) = (1 —=5)""1f(s)

for all s in a sufficiently small neighborhood of s = 0, given by g(s) = Y oo/ Bhe?sm
d"g

where 80¢% = T’;Li,(o) Then, by Watson’s Lemma (a version of Laplace’s method), as

w — —00,

TL

(B.4) Fo(b,c,w) n+b,

where G1(w) ~ Ga(w) means lim, o g;gzg — 1. Note that 2% = f(0) =

#(0)(—In(1 — 2)) = (m)c—b_1.

Applying these asymptotics to the quantities in (B.1) where 0 < z < 1,¢> b > 0,
we obtain for a > 1,

Fi(—at b+ et (=270 (E2) bt 1e 4+ Lamn(1 - 2)
a

; =a 1
2F1(~a,b,¢;2) (1= 2)e—b-1 (“‘(1—2))( Fu(b, e, (a+1)In(1 - 2))

—Zz

21



In(l—2)\ Fo(b+1,c+1,aln(l — 2))
-z Fu(byc,(a+1)In(1l — z))

I'(c 00 c P ((b+1))
(ln(l - z)) FECL% Do BoT et W

I'(c) b,c,z (b) (n
T(c—b) ZZOZO ﬁn (—(a+1) ln((l)fz))"*b

b+1,c+1,z ((b+1))
In(1 — z)) cl'(c) (50 W)

b,c,z (®) (0
F(C)( 0 (—(a+1)ln(1—z))b)

¢ (a+1\"
z a ’
since ﬁgH’CH’Z = ,68’“’2, and where Hi(a) ~ Hs(a) means lim, g;gzg = 1. The

desired result in Lemma B.1 follows directly by taking the limit as a — oo in the right
member above. O

Remark B.1. One way to derive (B.4) is to apply Watson’s Lemma (a version of
Laplace’s asymptotic method), which states that if 0 < T < oo, h(s) = s*g(s) for
s € (0,T) where A > —1, g(s) is infinitely differentiable for all sufficiently small s > 0

with g(0) # 0 and fOT |h(s)|ds < oo, then

g = L) TA+n+1)
/0 e Y h(s)ds ~ Z;) dsn! pwerEs I as 7y — 0.

To obtain (B.4), we take T =1, A=b—1, 7y = —w and ¢(-) as in (B.3).
Corollary B.1. Fix 0 < k1 < kg and p1, pe > 0. Then,

lim " (y) = —*

Yy—0o0 Ko — K1 ’

Proof of Corollary B.1. We apply Lemma B.1 with a = y, b = a3 = fi—i, c =
al—&—ag:%—i—g—z,z:l—%toobtain:

i WK K1 o1 . 2F1(7y+1,a1+1,041+a2+1;17:—;)
im m{""(y) = — lim y . o
y—r00 K2 a1 + g y—>o0 2P (—y, a1, 00 + a1 — 22
K1 oq ) oFi(—a+1,b+1,c+1;2)
= — lim a
Ko 01 + Qig a—oo 2F1(—a,b,¢;2)
_ k1 o a1 + Qo _ 1
Ko Qi1 + Qig 1-— & HQ—Kl.
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