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In the 1970s, Tom Kurtz established foundational results on the rigorous
approximation of continuous time Markov chains used in modeling chemi-
cal reaction networks. These results involved approximation of the stochastic
processes over compact time intervals, and included functional laws of large
numbers (hydrodynamic/fluid limits), functional central limit theorems (lin-
ear noise diffusion approximations), and Langevin-type diffusion approxima-
tions (in the strong or pathwise sense). Later on, in the mid 2000s, inspired by
the use of biochemical reaction networks as models in systems and synthetic
biology, with various collaborators, Tom Kurtz expanded on his earlier re-
sults, allowing for multiple time and size scales. This short note summarizes
some of Tom Kurtz’s contributions in this arena, which have had an endur-
ing impact on the modeling and analysis of stochastic (bio)chemical reaction
networks.

1. Introduction. A substantial part of Tom Kurtz’s work involved the development of
general theory and methods for rigorously approximating complex Markov process models
by more tractable models. These abstract developments were often motivated by and accom-
panied by applications in the biological, physical and/or engineering sciences. This blend of
theory and applications is nicely illustrated in his early CBMS-NSF Lectures Notes on “Ap-
proximation of Population Processes” [19], which blossomed into the more comprehensive
and often-cited monograph by Ethier and Kurtz [7] —“Markov Processes: Characterization
and Convergence.”

One of the early applications of Tom Kurtz’s theories was to stochastic models of sys-
tems of chemical reactions. Leveraging theorems on convergence of stochastic processes
developed in his early works [12, 13, 14], in the 1970s, Kurtz published a series of papers,
especially [15, 16, 17], which established the fundamental theory of functional laws of large
numbers (hydrodynamic/fluid limits), functional central limit theorems (linear noise diffu-
sion approximations), and Langevin-type diffusion approximations (in the strong or pathwise
sense) for density dependent continuous time Markov chains of which stochastic models of
chemical reaction networks are a prime example. These approximations were valid when a
scaling parameter, taken in the chemical reaction context to be a measure of volume of the
reacting species, was large. In contrast to prior developments, these works provided mathe-
matically rigorous process level approximations rather than heuristic approximations or ap-
proximations of the distribution at a single point in time.

In the early period of Tom Kurtz’s career (late 1960s and 1970s), interest in chemical
reaction network models was motivated by applications in chemistry, physics and chemical
engineering, especially in modeling the dynamics of chemical stirred tank reactors, where
all species were present in large numbers. More recently, revolutionary developments in
gene sequencing and editing, and advances in experimental measurements at the cellular
and molecular level, have driven interest in stochastic modeling of biochemical reaction net-
works, especially in the fields of systems and synthetic biology. In this context, some species
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are only present in small numbers and stochasticity can fundamentally alter cellular dynamics
through mechanisms such as noise-induced switching, extinction phenomena, and variability
in gene expression. These new applications have driven further developments for stochastic
models of chemical reaction networks, where Tom Kurtz was once again at the forefront.
With collaborators, he established rigorous multiscaling limits, providing the mathematical
foundations for understanding dynamic stochastic effects across multiple temporal and size
scales.

In this short note, I will summarize some of the highlights of Tom Kurtz’s work on stochas-
tic chemical reaction networks (SCRNs)'.

2. Stochastic Chemical Reaction Networks. In this section, we provide background
on Stochastic Chemical Reaction Networks (SCRNSs). The reader is referred to Anderson
and Kurtz [4] for a more extensive introduction to this subject. Here Z is the set of integers,
Z4+ =1{0,1,2,...} is the set of non-negative integers, R is the set of real numbers, and R is
the set of non-negative real numbers. For d > 1, Zi (resp. R?, Ri) is the set of d-dimensional
vectors with entries in Z, (resp. R, R ). For a vector v € R?, |v| = Ele |v;|, the L!-norm
of v.

A Stochastic Chemical Reaction Network (SCRN) is a continuous time Markov chain
X, with state space X C Z%, that keeps track of the number of copies of each of finitely
many chemical species S, ..., Sy subject to finitely many chemical reactions r € R. In
particular, fori = 1,...,d, t > 0, the quantity X;(¢) is the number of copies of species .S; in
the system at time ¢. When a reaction r € R occurs, v, copies of species S; are consumed and

_l’_ . . . - — — J— _
v,’; copies of species S; are produced for i =1,...,d, where v, = (v,1,V,9,-- -, vrd),vﬁ =
(Ufl, v, ,U;:i) € Zi. The net change in the state of X when reaction r occurs is given

by the reaction vector 9, = v;” — v,”, which is assumed to be non-zero. The reaction 7 is
usually written as

d d
(1) D uSi— > ks
=1 =1

The rate at which reaction r occurs is given by a propensity function A, : X — R, where
Ay (z) =0if 2 4+ 0, ¢ X. A common form for a propensity function is the following, associ-
ated with mass action kinetics, where the rate of the reaction is proportional to the quantities
of the species being consumed by the reaction:

d
2 AT(.%'):HTH<.Z‘¢)U;,ZL'€X,
i=1
where {k, },cr are positive constants and for m € Z, the quantity (m); is the falling fac-
torial, i.e., (m)o:=1 and (m); :=m(m —1)---(m — [ + 1). For example, for the reaction
system

3) [Z)—)Sl, 251 — Sy, S14+ 52— 53, Sg—)@,

where () denotes an external source or sink, the propensity functions under mass action ki-
netics would be Aq(z) = k1, Ag(z) = kox1(x1 — 1), As(z) = ksz1me, A4(x) = Kyx3.
Let V := {0, : r € R}, n:= |V|, and enumerate the members of V as {vi,...,v,}. Some

'For brevity and readability, this exposition has focussed on SCRNs. However, the same Markov chain models,
with reinterpretation of chemical species as other types of entities, can be used to model other applications such
as epidemic and evolutionary dynamics. The reader is referred to Ethier and Kurtz [7], especially Chapter 11, for
further reading.
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reactions may have the same reaction vector and so we can combine propensities for such to
get the overall intensity for the jump of the Markov chain for each element of V:

4) Tj(x):= Z A (x), 7=1,...,n, x€X.

The infinitesimal generator for X is then given by

T;(z) ify —x=wvjforsome1<j<n,
) Quy = —2joy Tj(z) ify=u,
0 otherwise.

A representation’ for X, introduced by Kurtz for density dependent Markov chains [16],
which is particularly useful for establishing strong approximations, is the following®

6) X(t):X(O)+Zn:vij </Ot Tj(X(s))ds>, >0,
j=1

where N1, No, ..., N, are independent, unit rate Poisson processes. This random time change
representation has become one of the central tools in modern theory and computation for
stochastic chemical reaction networks. Beyond its role in establishing rigorous approximation
theorems, it underlies stochastic simulation algorithms (including those for hybrid systems),
pathwise coupling constructions, and statistical analysis of reaction network time series. For
proving weak approximations to SCRNs (and other Markov proceeses), Kurtz developed
a general treatment, using martingale problems to characterize and prove convergence*. In
particular, the SCRN X can be characterized in law using its initial distribution and the fact
that for any bounded function f on X with compact support,

t
a) FOX(E) - [ QEX(s)ds. e,
0
is a martingale with respect to the filtration generated by X.

3. Classical Scaling. For chemical reactions, typically the propensity functions depend
on a measure of the volume of reacting species, which we denote by V', and the quantity
of interest is the normalized volume fraction (or concentration) for each species, vV =z /V.
Accordingly, it is frequently assumed that the overall intensity function T}/ for change vector
vj, given by (4), scales with the volume V' such that

1

_ _ Ly
Y (v ) =xaY) + e (@),

V]

®)

%For simplicity, here we assume that X does not explode in finite time.

3Volkonskii [25] introduced the idea of representing a Markov process as a random time change of another
Markov process. Helms [8] generalized this to multiple random time changes. In proving strong approximations
for density dependent Markov chains, Kurtz [16] represented the Markov chains as random time changes of Pois-
son processes. Subsequently, Kurtz [18] developed an extensive theory for multiparameter random time changes
of Markov processes, and explored the relationship between solutions of random time change problems and mar-
tingale problems.

*In very early work, Kurtz [12] used operator semigroups to characterize and prove weak (distributional)
convergence of Markov processes. However, following the development by Stroock and Varadhan [22, 23] of
the theory of martingale problems for characterizing diffusion processes, Kurtz transitioned to increasingly using
martingale characterizations and ultimately developed a general treatment for Markov processes (see for example,
Chapter 4 of Ethier and Kurtz [7]).
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where on each compact set, A;(-) is uniformly Lipschitz continuous, and {e;/(), V €Y} is
uniformly bounded for a given countable increasing set of volumes, 2, that tends to infinity.
In particular, this holds for the classical scaling frequently assumed for mass action kinetics,
where the proportionality constant in (2) satisfies ) = k,V1=1v | and k, does not depend
on V. Adjoining a superscript V' to indicate the dependence of the process X on V, the
concentration process is defined by XV = %X V" and under (8) can be represented as

V= 2V 0 4+ LS ol (V[ (XY () + LV (%Y (s) ) ds
9) X(ﬂ—X(®+V;;IM(VA(%QT(»+V]M'U0d),tz&

Then, { X",V € 0} is a density dependent family> of Markov chains in the sense of [17]°.

4. Approximations. Consider a sequence of concentration processes { X",V € U} as-
sociated with SCRNs satisfying (8). We can assume these are all defined on a single prob-
ability space. Suppose that the state spaces X"V = %X V for XV are all contained in a set
XcC Ri and the \;, j =1,...,n are defined and locally Lipschitz continuous there. To keep
the exposition simple, we will assume that X" is compact and so the A; are uniformly Lips-
chitz continuous there’. Let y, o : X — R be defined for = € X by

1/2

(10) p(x) = Zvj)\j(m), o(x):= Z)\j(x)vjva ,
=1 j=1

where the superscript of T denotes transpose and the square root is the unique non-negative
definite matrix square root. For T'> 0 and any right continuous function z : [0, 7] — R¢ let

]l = supsego,z) [2(t)].

4.1. Fluid Limit (Functional Law of Large Numbers). Given xg € /'l_,i , by the uniform
Lipschitz continuity of x4 (inherited from the A;), there is a unique solution X of the following
differential equation (usually called the reaction rate equation) with initial condition xg:

dX(t . -
) 0 _wx), X =0
The following theorem provides a functional law of large numbers limit (often also called a
fluid or hydrodynamic limit) for X" as V' — oo. In [13], Kurtz proved a version of this with
convergence in probability. Theorem 2.2 in [17] implies the result stated below, which has
almost sure convergence.

>In Kurtz’s 1976 paper [16], density dependent Markov chains have e}/ = 0. However, in [17], he allows
for a non-zero perturbation %ey as in (8), that vanishes as V' — oo. Some authors use the term nearly density
dependent for such perturbations, keeping density dependent for the stricter sense of [16]. The generalization
allowed by (8) is important for chemical reaction networks, since reactions in which more than one copy of a

given species is consumed only satisfy (8) with e}/ Z0.

The setup in [16, 17] for density dependent Markov chains allows for the equivalent of countably many
reactions, under some additional conditions. The focus here on finitely many reactions simplifies the exposition
and is natural for chemical reaction networks.

7For the approximations of SCRNs developed by Kurtz in [15, 16, 17] and also reported in Chapter 11 of
[7], the )‘j are assumed to be uniformly Lipschitz continuous, or locally Lipschitz continuous with at most linear

growth as |z| — oo for T € X. Such assumptions are typically satisfied for chemical reaction networks when X’ is
compact. However, if X' is unbounded, they are a little too stringent. For example, for the simple reaction system

in (3) with mass action kinetics, for x € X = Ri, Ao(z) = kgfb% and A3(x) = kgx12o grow quadratically as
|z| — oo. Nevertheless, by introducing stopping times 7 = inf{t > 0: |Xv(t)\ > K}, similar results to those

stated here can be seen to hold for the stopped processes X V(v A T) for each K > 0 when X is not compact
and the ) ; are locally Lipschitz continuous.
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THEOREM 1. Suppose that almost surely, limy_.oo X" (0) = 29 € X. Then, for each
T > 0, we have that almost surely

(12) Jim [ XY () = X()llr =0.

4.2. Linear Noise Approximation (Functional Central Limit Theorem). It is natural to
ask about the fluctuations of X" about the deterministic fluid limit X. Using a power series
expansion in the Kolmogorov forward equation (also called the chemical master equation),
van Kampen [24] developed an approximation for the distribution at time ¢ of such fluctua-
tions, which are of order V—1/2. Kurtz [14] developed a full process level approximation for
V1/2(XV(-) = X(-)), which is a diffusion process with coefficients driven by X. This is a
functional central limit theorem, often called the Linear Noise Approximation (LNA).

Let 29 and X be as in (11). Foreach V € U and ¢t > 0, let

(13) YV(t)=vV (XY (t) - X(1)).

Assuming that ;. has continuous first-order partial derivatives on X, let Y denote the diffusion
process satisfying

(14) Y(t):/o 8M(X(S))Y(s)ds—|—/0 o(X(s))dW (s), t >0,

where for € X, Ou(z) is the matrix whose ik entry is 85;(:), and W is a standard d-
dimensional Brownian motion. The well posedness of (14) comes from the fact that it is
linear in Y and X is already determined. An equivalent distributional version of Y can be
obtained by solving the equation:

(15) Y(t) = /0 (X ()Y (s)ds + v, /0 VA (X (9)dI(s),
j=1

where the W;, j =1, ..., n are independent standard one-dimensional Brownian motions.

The processes YV and Y are stochastic processes taking values in D(]0,00),R%), the
space of right continuous paths having finite left limits in R, and Y in fact has continuous
paths. We endow this space with the usual Skorokhod .J;-topology. Convergence in distri-
bution of YV to Y as VV — oo means weak convergence of the associated probability laws
induced on D([0, 00), R?%). By Theorem 3.1 in [14] we have the following.

THEOREM 2. Suppose that j. has continuous first-order partial derivatives on X and
assume that V'V (X V(0) — xo) converges in distribution to the zero vector. Then, YV con-
verges in distribution to 'Y .

This theorem yields the linear noise diffusion approximation:

(16) XV (#) ~ X () + ——Y (1), £>0.

VV

4.3. Langevin Diffusion Approximation: Strong Approximation. The LNA is frequently
used to study local fluctuations about a steady-state of the fluid model. However, since it
linearizes fluctuations, it typically fails to capture global nonlinear behavior well. Also, the
right hand side of (16) is an unconstrained diffusion process and can typically take negative
values, which violates the natural nonnegativity of chemical concentrations. An alternative
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diffusion approximation, which is more suited to capturing nonlinearities is the Langevin
approximation, Z" for XV, which solves the (chemical) Langevin equation:

Viy=xV t Vssinvlt ; s i(s
AL <o>+/0 (2 (s))d WV; /0 A2V ()dW (s).

where W;, j =1,...,n are independent standard one-dimensional Brownian motions. Note
here that rather than the drift and dispersion coefficients depending on X, as in the linear
noise approximation, the coefficients here depend on the approximation itself, Z" . Indeed,
equation (17) is usually only well posed until the first time some component of Z" reaches
zero (i.e., the boundary of the positive orthant in Ri is reached). This can be seen even with
a simple example such as the following.

Example. Consider a system with a reversible reaction involving two species: S; = Ss,
k>

under mass action kinetics and classical scaling. The fluid approximation X satisfies

dX . . dX ¢ %
7151 = ko Xo(t) — k1 X1 (8), CT; =k X1(t) — k2 Xa(t).

The linear noise approximation is given by X" ~ X + ﬁY, where in differential form,

dYs(t) = —dYi(t) = k1Y1(t) — kaYa(t) + / k1 X1 (t)dW1(t) — \/ ka X2 (t)dWa(t).

The Langevin approximation is given by XV () ~ Z"(-), where
(18)  dZ; (t) = —dZy (t)

= (ZV (1) — ko ZY (1)) dt + \} (« [k 2V () dWi (t) — ,/kzzg(t)dwz(t)> .

As can be seen in (18), just after Zg/ becomes zero, the stochastic term involving dW; for
ZY would tend to fluctuate both positively and negatively. However, if Z) were to become
negative, then the square root of ZX is not well defined (in the last term in (18)). A similar
issue occurs when Z;” becomes zero. Consequently, solutions of (18) are only well defined
until the first time Z" reaches the boundary of the positive two-dimensional quadrant.

In the mid 1970s, Kémlos, Major and Tusnady [11] developed theory which enabled one
to build on the same probability space, a Brownian motion and a Poisson process such that the
pathwise distance between them over compact time intervals is of order log 7', where T' > 2 is
the length of the time interval. Building on this theory, Kurtz [17] developed strong (pathwise)
diffusion approximations of the form (17) for density dependent Markov chains. This theory
assumes, besides non-negativity and uniform Lipschitz continuity of the A;, that \/)\7 is
uniformly Lipschitz continuous for each j, to ensure existence and uniqueness of solutions
of (17). As can be seen in the above example, the last assumption usually breaks down for
SCRNs with mass action kinetics as the boundary of the orthant is approached, where only
Holder continuity holds in general. Nevertheless, with mass action kinetics in a compact set,
a unique solution of (17) can be constructed up until the first time that the solution reaches
the boundary of the positive orthant and the theory of Kurtz can be applied to obtain a strong
pathwise approximation up until that time. The next theorem follows from applying Theorem
3.3 in [17] with stopping times. Here we assume that Z" is a solution of (17) up until the
first time 7 that it reaches the boundary of the positive orthant (for concreteness, we hold
ZV constant thereafter) and A; is uniformly Lipschitz continuous wherever Z Viand XV
live. Note that in contrast to the limit results in Theorems 1 and 2, the next theorem is an
approximation result for a finite V. If one were to take the limit as V — oo, X" and Z" both
converge to the deterministic limit X .



REPRESENTATION AND APPROXIMATION OF SCRNS 7

THEOREM 3. ForeachT >0,V > 2, there is a random variable 7¥ whose distribution
is independent of V' such that E[exp(n’y¥ )] < oo for some 1 > 0, and
vlogV

(19) XY () = 2" Ollnr <91 =7

Given that the LNA and the Langevin approximation are both diffusion approximations
to the same chemical reaction network, one might wonder about the relationship between
the two. From Section 4 of [17], under further conditions, including that p has bounded first
and second partial derivatives, it can be seen that an estimate like (19) holds with X+ ﬁY

in place of XV, i.e., the error estimate for the difference between the approximations is of
the same order as the error between X" and Z"'. Nevertheless, as mentioned previously, the
Langevin approximation is usually better at capturing nonlinearities in the dynamics.

Various mechanisms have been suggested for continuing the Langevin approximation be-
yond time 7. For example, replacing A; by |A;| in (17), although such a diffusion, if well
defined, will typically stray outside of the positive orthant. A natural extension that lives in
the orthant is a jump-diffusion, which behaves like the Langevin approximation in the inte-
rior of the orthant and jumps back into the orthant when the boundary is reached. Such jump
diffusions can be simulated, however, their analysis and comparison with the original Markov
chain is made difficult by the presence of the boundary jumps. Leite and Williams [21]
showed that a reflected diffusion process (called a Constrained Langevin Approximation—
CLA) can be obtained as a limit in distribution of such jump diffusions with jump sizes
shrinking to zero and proved that the diffusion is well posed, assuming there are inflows
and outflows for each species (although their rates can be arbitrarily small). Campos and
Williams [6] provided error estimates of order log V'/V for a strong approximation between
such a CLA and a nearly density dependent Markov chain in one-dimension. The CLA in
d-dimensions is a solution Z"" of the stochastic differential equation:

~v oV ¢ P V V |4
Z'(t) =X (O)—|—/0 w(ZV (s))ds+ / (Z" (s))dW (s / (ZV (s))dL" (s),

where W is a standard d-dimensional Brownian motion and L" is a contipuous, non-
decreasing, one-dimensional (local time) process which only increases when Z"" is on the
boundary of the orthant and (z) = u(z)/|p(2)|, for z on the boundary of the orthant.

5. Multiscaling and Biochemical Networks. In 2003-04, the NSF Institute for Mathe-
matics and its Applications (IMA) at the University of Minnesota held a program on “Prob-
ability and Statistics in Complex Systems: Genomics, Networks and Financial Engineering.”
Tom Kurtz was a key member of the scientific program committee and participated exten-
sively in the year-long program. Inspired by the growing use of mathematical models for bio-
chemical reaction networks in systems and synthetic biology, a working group self-organized
to study this topic. Tom Kurtz and some other longer term participants in the IMA program
were members. The group considered various models, including deterministic chemical reac-
tion networks and related algebraic structures, and continuous time Markov chain stochastic
models. In many models of biological interest, some species are only present in small num-
bers, whilst others are in abundance, and reaction rate constants can vary by several orders
of magnitude. This spurred interest within the working group in developing approximations
for the complex stochastic models that took multiple time and size scales into account, and
reduced the dimensionality of the microscopic models. Using an example of intracellular vi-
ral infection as a test bed, a subgroup, consisting of Karen Ball, Tom Kurtz, Lea Popovic and
Greg Rempala, set out to develop a multiscale approximation, which ultimately resulted in
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the paper [5]. Subsequently, Kang and Kurtz [9] developed a systematic approach to sepa-
rating time-scales and proved associated limit theorems for SCRNs. Their analysis involved
functional laws of large numbers, as well as averaging theorems such as those in [20], relat-
ing ergodic behavior of fast components to the dynamics of slower components. The results
in [9] are in a sense a generalization of the fluid limit results in §4.1 to the more complex
situation of SCRNs with multiple scalings of time, reaction rates and species count normal-
izations. In a later paper, in a multiscaling generalization of some aspects of §4.2 and §4.3,
Kang, Kurtz and Popovic [10] developed a systematic approach to proving functional central
limit theorems and diffusion approximations that capture fluctuations around deterministic
limits developed in [9].

In [5, 9, 10], there is a scaling parameter®, V. However, it no longer always represents a
volume measure of the system. Rather, it is a large parameter suitable for the approximation,
e.g., V might be the order of magnitude of the most abundant species in the system. The com-
ponents of the species count process XV are normalized by powers of V/, that could depend
on the individual components, such that )_(Z.V = V‘aiXZ-V , where a; > 0 is such that )_(Z-V is
of order one, for i =1,...,d. In addition to this multiscaling in size of components, another
set of exponents {3, € R} C R are introduced to take into account possible large varia-
tions in the reaction rate constants from reaction to reaction, e.g., with mass action kinetics,
/f,‘,/ =k, VP so that the renormalized rate constants, k,., are of order one. Finally, different
time scales are considered, i.e., the time in XV is scaled by a factor V7 for at least two dif-
ferent values of v € R. Below, the key example from [5] (which was also studied in [10]) is
briefly summarized, to illustrate how multiscaling can arise and be studied.

The reaction system for the intracellular viral infection model studied in [5, 10] can be

written as follows. Here 7', G and S denote the viral nucleic acids — classified as template
or genome, and the viral structural protein, respectively, and P denotes the viral product.
(20) T—-T+G, G=T, T—-T+S, T—=0, S—0, G+S—P.
The reactions are numbered sequentially as 1,2, ..., 6, from left to right, and the associated
rate constants with mass action kinetics are ;, i = 1,2,...,6. Let X1 (), Xo(t), X3(t) de-
note the number of molecules of species T', G, .S, respectively, in the system at time ¢. Using
reaction rate constants gleaned from the literature, in [5, 10] the following scaling param-
eters’ are used: a1 = 0,0 =2/3,a3 =1, f1 =0, Bo = —2/3, B3 =1, B4 =0, B5 =0,
Be=-5/3,k1=1,ka=2.5,ks=1, kg =0.25, ks = 2, kg = 0.75. Two time scales are con-
sidered, the original one and scaling time by V7 with v = 2/3. With the latter time scaling,
XV ()=V-*XY(V7.),i=1,2,3, can be represented by

t t
XV () =XV (0)+ Ny ( / v2/325XY (s)ds) — Ny ( / v2/30.25 XY (s)ds) ,
0 0

t t
XY (t)=XY(0)+ V253N, ( / v2ExY (s)ds> — V23N, ( / Vv2/325XY (s)ds)
0 0

t
_V—2/3N6 </ V2/3075X¥(3)X§/(8)d8> ,
0

t t
XY (t)=XY(0)+V~IN; </ V5/3X¥(s)ds) —V~INg (/ v5/32X§’(s)ds)
0 0

t
—V~1Ng (/ V2/30.75X§/(5)X§/(s)ds) :
0

8Called NV in [5, 9, 10], but denoted by V here.

OAs pointed out in [5], suitable scaling exponents need not be unique and determining appropriate ones is
part art and part science (based on experimental measurements of rate constants, and experimental or simulated
observations of system behavior).
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F1G 1. Tom Kurtz introduced Ruth Williams’ Kolmogorov Lecture on Reflected Diffusions and Biochemical Reac-
tion Networks at the World Congress in Probability and Statistics, Toronto, 2016. Photo Credit: Ankit Gupta.

where N7, N2, N3, N4, N5, Ng are independent, unit rate Poisson processes. Assuming
that limy o, X3 (0) = X2(0) € (0,00) a.s., intuitively, one can see that the components
XY, XY are evolving on a faster time scale than X . It is shown in [5, 10] that the ef-
fect of (X} ,Xg/ ) on the behavior of X3 is through stochastic averaging. In particular,
fg Xy (s)ds ~ %fot XV (s)ds =~ 5f0t XY (s)ds and f(f XY (5)XY (s)ds ~ 5fg()§'§/(s))2ds.
Let X5 satisty

t
(21) Xo(t) = X2(0) +/ (7.5X5(s) — 3.75(Xo(s))?)ds,

0
and assuming U (0) is a limit in distribution of V'1/3(X} (0) — X5(0)), let U satisfy

t —
U(t)=U(0) Jr/o 7.5(1 — X2(s))U(s)ds

+ /0 t /725X (s) — 48.75(Xa(s))2 + 11.25(Xa(s))3dW (s),

where W is a standard one-dimensional Brownian motion, independent of U(0). Then, it is
shown in [5, 10] that foreach T > 0, as V — oo,

(22) XY ()= Xo()|lp=0 and V'3(XY —Xy) =1,

where = denotes convergence in distribution. The interested reader is refered to [5, 10] for
the many technical details and auxiliary results omitted here. Those works also have other
examples and with [9] provide extensive general tools for establishing various multiscaling
limits and approximations for SCRNs. Tom Kurtz has other works on analysis of SCRNs not
discussed here. For a taste of these, the reader is refered to [1, 2, 3].

6. Afterword. On a personal note, I am grateful to Tom Kurtz for his wonderful math-
ematical contributions, leadership in the mathematics and probability communities, and
friendship over the years.

His books and papers have been invaluable to me and my collaborators. We have followed
behind his giant footsteps, utilizing his work to prove limit theorems and investigate proper-
ties of reflected diffusion and other approximations for complex stochastic networks.

Tom’s professional leadership, especially in the probability community has been priceless.
His deep commitment to the advancement of probability as a field, his caring support for
probabilists, especially junior researchers, and his willingness to step up to help whenever
needed, were signature traits.
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Most of all, I valued his kind and caring attitude and friendship over the years. I still
remember vividly the first time I went to the Midwest Probability Colloquium (while still a
Ph.D. student at Stanford) and how he took special care to make sure I felt included.

Tom is deeply missed, but fortunately his mathematics and example carry on.
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