
We've seen that
,
on IR

,
we can exactly calculate the /distribution of the

Hitting time of any height r >o : t

Pi Tr E t ) =P 1113+1 > r) = f. , zorn, e-
r%"

du

what about in higher dimensions ?
For B. on Rd

,

let Tr = Hitting time of Diplo)
'

In flee . 55.21 , we showed that

limsup 1B¥ = as fat ↳ E) IF - a. s .
f→ as

i. PTTR < as) =P YR> a

Note : the P
"

- law of B. is equal to the
P
'

- law of set B .

So we can always translate questions about
balls ROD to BRID .



Theorem : Let D c- IRD be open , and let TD = inf { 630 : Bt c-D
'

}
.

Let f-. 8D → R be bounded and measurable
. Define

U :D → IR ; ucxj = IE
"

I flBq,) : TD < as ] .

Then we c- (D)
,
and Du = 0

.

Ie
.
u is a solution to the Dirichlet Problem

du =0 on D

u = f- on 8D

I Use probability theory to show this PDE has a solution
bounded measurable f

,
no matter how rough ! )

.

← An example of a "path integral "

expressing the solution of a
PDE

.

For a closer analog
to QFT

,
see Feynman - Kac .Bag



For the proof, we make use of the following Real Analysis fact : 1 due to Gauss)
Theorem : If D c. IRD is open , a measurable function u :D→ IR
is harmonic cue c- (D) and Du =o on D) iff it has the

mean -value property : Tx c-D and all R>est
. DRGD CD ,

Ulm = f uly) Vy☐µ⇒ /dy )
ZIDRbe)

we use this in concert with the following observation :
If U e- SO (d) rotation d- IRD
then But := U - Bt is a Brownian motion .

Cor : Under P
"

,
B
Tippie,

D= V2Drew .

Pf
.

We know Batra e- ZDR Gt
.

For F- c- BADRIA) ,

Ñ(Bt①µ⇒ c- U
?E)



Pf . f connection to the Dirichlet problem)
Let x-D

. By definition •"UGD -- E
"/ f(Bt☐) Bites ]

Bag
If KEZD

,
Tp -- o P

"

- a.s . and

i. uncle #
"( f( B.)I = fix)

.Now
,
D is open , so a nbhd of x is in D .

Let R>o be any radius at . Drlx) CD .

We knew Tippi⇒ < as P
"
- as

.



ucxs = II
"
( Fl B.) I = F-

"

I FCB a.) 1 Where Ftw I = f- ( WH) to ☐< as}

G e TIDRID

PDE tools can be used to show that if
AD is sufficiently regular , u is in CCDT

.

Indeed
,
the easier statement of the Dirichlet problem

is : if u ,ve CCD) and Du=Dv=o onD
,
then u=V

.

The upshot is : if we can find a function lie CCÑ )
s - t . u=ñ /☐ is harmonize

,
then we must have

um = IET ñlBt☐) A ☐
cos} ] ACED

.



For d >2. define Ud :lRdYo} → IR by

legba d--2 Check that Dude ,

ildllxl = Ud ↳ = { 1×12- d d>3 Ude CHIRAG}) ( calculus Hw)

Now
,
let o<r< Recs

,

and set Dr,R= { e- Rd : r< lxkk }
.

'

Let Tr = Hitting time of NDrlo) ; then TD,r=inf{ t > a :Bt¢Dr,R}
I •

i. Udlx)=E
" / UDIB-dlfxc-Dr.pe

Rearranging this , we find : legR-leg.ba
P"lTr<Tr)= ÑACR) - Dalby)={ legR-lo.gr

'
d⇒

ÑDIR) - ltdlr) R2
-d
- rapid

R2
-d
- pz

-did>3



Cor : In IR
,
Brownian motion is recurrent : P"(To < as)=PYTx<a) =/V-xc-IR.IN1122

,
Brownian motion is neighborhood recurrent : P4Tr<a)=p tr>o

Cbut PET
.

<a) =D )

In Rd for d>3
,
Brownian motion is neighborhood transient :

P' (Tres)4 tree
.

Pf . Cd =D Done before .

Ld > 2) Note that fins:p 113¥ = o p
"
- a. s

. for a >{
.

i. TR = inf Itza : 113+1=12 }

i. Yr >o
,

PTTres) = HIS PETR <Tr)
• D= 2 : =

fyzlegR-bglxllegR-legr.dz
3 :

=

limo R2- d - 1×12
- d

R→- R2
- d
- r2 -d


