
Let 1B¥ . be a Brownian motion on IR
.

Consider the running maximum Bio = ns.H.Bs-mpynpppppphtptMMMMMYWNTFor discrete-time submartingales , we proved several
useful estimates for the values of running maxima BE -- I Blin!
we could given more time ) prove the same results for continuous-time martingales
like Brownian motion

. But we can prove stronger results here .

Theorem : ( Bachelier) For each tee , BE
" =D 113+1

.

In fact , we'll compute (most of ) the joint distribution of CBI? Bt) :
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Note : pathwise, the processes ( Big )t=o , 1113+1%0
are very different . Bessel process

as rough as Bt .



Theorem : Let z >o
, y > o.PT/3jIz-,Bfsz--y)--PlBt > 2-+ y) , i. Bj

" =D 113+1 .
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Let e-Tz
,
the B. - Hitting

time of {z} ← closed
i. optimal tire .

Let ☒Do>o be the Brownian
motion reflected at timet.BEBut - ( Bt - Bt -e)

.

+ Another Brownian motion
, by Reflection Principle .

Then on {Tst} , { Bt < z- y } = { Bit > 2-+y}
4 f {Est}

{1%-13,37} = { B'MY > z}
i. { Bjhxzz, By < zy } = { Tst, Bt > 2- +y }

Note : Bg Bt for tst ;
= {Est, Booty}
= { BY >Zty}

i. I = inf { t >a :T3f=z}
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Thus PTB?i%z
, Bts z -g) = PTBT> not for z > o , y > o .

In particular, I

p¥¥t%--PTÑF%ÉBt > 2) + PTB¥z,Bt<z§11
= P' lBtBZ) + pet Bt > 2- to)ftp.lBJK.zftp.ltbjnaxzz/--21P(Btso)--1P(Bpz-)+PlBfc-2-)bkBf--d-Bt .=p(113+150)
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Cor : The Hitting time Tz of { z} satisfies
Pitz St) = Pel Bj

"
> z ) subs

.

11 ✗ = 7T¥
i. 2pct By>7) = zfz.es#-tp-x%Eboz2fj&-t0-Z%b1z-rz.1-tDU-%da

= f.tv#us-e-Z%adu



That is : we've explicitly calculated the probability density of Tz !

⇐ ( t) = z
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In particular, pities) =L fz If = TIB !T?
( Already knew tb : lying:p t.Bt-oa.SI

But Hiltz ) = f.
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We can use this density to compute other distributions exactly .

Prop : ( Arsine Law) Let L; sup { ost.si : Bt
-

- of .

↳ =D small, Then PIL
,
St) = ¥ arc sin Vt ) ,

as 651
.
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( date : BT : = ¥Bat is also a Brownian motion , and

LF =D LBJ = sup { tea :B8--0} ⇒up { tea : Bat =e}
= d- sup { Sst : Bsu) -- d-
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More fun facts :

L
,

=

sup lost si :Bg- o}
=D Arcs in Law

d Il

Mi = in -1ft > o : Bt = BY
" }

d 11

A = I { te 6,11 : By> a } /

I see [ Kahlenberg , Thm .

13.16 ]
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