
We saw in Aec 55.2] that if 1B¥, is a Brownian motion on Rd

and 1-70
,

then St:= Bitt - Bt is a Brownian motion on Rd
,

independent from It = FTB .

Prop : Let t be an optional time, v c- Prob ( Rd
,
BARD )) st . Polices) > e ,

and define St : = Bett - Be on 10<-3 .

Then conditioned on { too}
,
ftp.o is a Brownian motion on Rd ,
independent from ¥ .

To be precise : tf c- 1131 gas) , IRD) , etcgod , Rd ) )

ETF (5) It -es ] = ETF (B) j
and T Ae 5- É

,

ET FCS) tattoos) = EYFIS) teas] IPYA toes



Pf . Abusing notation slightly , denote ✗ + + .
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.
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i. ETF(5) 1A It -as ] = ETFCB.NET tattoos ] YA c- FE .

a①e A =L ; shows E
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Note : in [tee
.

55.2] we showed Bit . - Bt is a Brownian motion indep .
from F-

When Teo is constant . Now we've proved the stronger claim
that it is independent from Fi ¥ It .

Also : if c- is an optional time , it is ti - measurable .

Hence : St -- Bett - Bt is indep . from T
.

Conditioned on c- < as )
.



Theorem : ( Reflection Principle)
Let B. be a Brownian motion

,
and let t be an optional time adapted to

its natural filtration
.

Then

Bt : = But - ( Bt - Bt a) ,
t > o

is a Brownian motion .



( Reflection Principle Bt : = Bent - ( Bt - Btr) is a Brownian motion .

Pf
.

It suffices 16 stew Bleep, is a Brownian motion for each T >o .

i. Replacing t with T -T if needed, dog assume teas .

We i. know that St = But - Be is a Brownian motion
,

-

mdep . from FÉ .

• c- is 9-E- measurable

• BE = Bent is g-§ -measurable
} ( Lec -56-3]

TIE,- meas . , ad test i. Front c- FE
.

Thus

§.

is independent¥73T
,
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,

Bt
,
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Now note that sit -e)+ = Bit +
+ i
-Be = {

° " t

Bt -BÉ
,

t> c-
It - 9) ve .

= Bt - Bent -BE + St -of - Bt .

Bio - Soo-②+ = BI . IN


