
Theorem : Let (Bt)to be a Brownian motion on IR
. Define

To = inf { t>o : Bt -- o }
Tt = inf It > o : Bt > o }
I = Inf { t>o : Bro }

Then P9T± = e) =P
•

Lt = e) = 1
.

Pf. Since T± and To are optional
times

,

I T+=o }
,
{1--0}

,
{1--0} e- FI

.

i. By Blumenthal , DC ) c- { 0,1 } for each .

• For any tea , { Be> a} e- {1-+56}

• Similar argument for I
• { T+=o} a {1--0} C- {Tie} by intermediate value theorem .



Cor : Let (Bt)tzo be a Brownian motion on IR
. Define

so = sup { t
>o : Bt -- o } If

.

Let ✗ E- 1-But too .

Then txt bae
St = sup It > o : Bt > a } is a Brownian motion on IR .

5- = sup { t
>o : Bro } i. T±×= To✗ = a Po - a. s

.

Then P°(S±=a) =P (Sias) = 1
.

So
,
Brownian motion oscillates wildly locally , and

oscillates i.o
.

as t→ es .

T
we'd also like to understand how

big / small it gets as f.→ as .

The strong Markov property gives us
the teds to answer this

.


