
Progressive meas arability allows evaluating a process X .

at a random time c-
land preserving me asarability) .

What can we say about % ?

Def : Let t :(r
,

too
,
B)→ [gas ] be 8- - measurable

. Define
% : = { At Fas : {est } eA c- Ft Ht c- [gas]}

and FE : = { At Fas : {eat } eA c- Ft Ht c- [gas]}
These are both sub - o - fields of Fos ; the proof is essentially identical to [Lee452] .

(Might be tempted to denote Fet the set { At Fas : {est } EAEFÉ He↳ as] } .

In fact , we can : if + is an optional time , they're equal . [HW] )
Lemma : If t is a stopping time, c- is Fe - measurable .

Pf . For St c- Csos) , {Tss} a fest}



Prop : Let Critter, P) be a filtered probability space .
Let t be a stepping time, and lot Htt > o be a progressively measurable process .

Then ✗
e- is

{easy
-measurable

.

UTPf
.

For 1- c- Csos)
,
define two maps : {est }

%
> [ 0,1-1×52 × 5

4- (w) = 47kW)

If A- c- Ft and a e- Cgt] ,

45
'

( [ gal ✗A) =

i. 4- is ⇒ {est} → BEST ] IT measurable .

i. 9%47 is (E) { est} → B
measurable

New
,
for VEB

,

✗e-
'

the {est}

Thus XÉ ( V ) c- Ft
.

And ✗ELVIS Etcs} by def.



Prep : 1 Basic properties of stopping times)
1. If 0,0 are stopping times , so is at

.

( If they are only optional times ,
but o >o , t>a a. 5. , then Ott is a

2. If 0,0 are stopping times , so are at and out . stopping time)

3. If {in}i=
,
are optional times ,

then so are snp.tn ,
infnon , linkup on , limits fin .

↳ If they are stepping times , so is supntn .

Prep : 1 Basic properties of stopped e- fields)
Let 09 be stopping times .

# {t=t}
= (Ft) {t --1-3

2- If cost then Fo C.% .

3. ( Fo ) cost} s Fort ( so {cost }
, {at } are in Foro j

4
. Foo to = Font

Moreover
,

all these hold for optional times go if
we replace 5- → It everywhere .

( Proofs very similar to [Lee 45 ] ; see [Driver , § 34.2 ]


