
Def : Given oh, ⇒s
P)

,
a stopping time t : r→ [gas ]

is a random variable satisfying { est} e- Ft ft > o .

Note : in the discrete time setting {eat}
Here we have a richer structure

.

c- is called an optional time if { c- < t } e- Ft ft > o .

↳ stopping times are optional times :

↳ The converse is generally false . But :

Def : For oft < as , Fj : =
For a - too

, Fj : =

Each of ⑤f) tzo and (Ft )6% are filtration ,

E- c- It c- Ftt Yt

A filtration is right -continuous if FÉ=F+ to >o .



Notice : ⇐E) +so is right - continuous
so every filtration has a right continuous extension .

Lemmer : c- : r→ ↳as ] is a 1 ftp.o - optional time
iff it is a ⇐ftp.o - stopping time .

Ergo : if the filtration is right - continuous , {optional times} = { stopping times } .
Pf . If it is a (Ft ) to - optional time , for t=o

,
{ c- < tttn} I {Tst} .

i. { Tst} = { c- < tttn }

Conversely , if c- is a#to>e- stopping time , for t >o,
{ t - t } = ¥ {Ts t

- tn}

If t=o
,
{ c- < o } = ¢ c- Fo

.

It is i. customary to extend the filtration, and
always assume it is right - continuous .



The canonical examples of stepping times in discrete time are hitting times
of a stochastic process in some set A SS

.

Def : Let Hotze : oh
,
IP) → %B) be a stochastic process .

Let A c-B
.

Hitting Time : TA :-. infft >0 : ✗+
c- A}

Debut Time : DA : = inf { t >o = XttA }
Note that DA --TA on IX. ¢ A} ; generally , DA STA .

These are not necessarily stopping / optional times .
F-g. Let F- e- 9- be an event with PIE) ¢ { go} . Define

✗ t
= max foot - l } BE + max {0,1--2} Dec .

Set A-- loos)
.



Prop : Let tr
,
no
,
P) be a filtered probability space , i. Htt>o is

and let lxttzo : roses,B) be an adapted process , } progressions measurable
with right - continuous paths . Then so Xo

1
. If A SS is open , TA -DA is an optional time .

is measurable true
.

2. If A SS is closed
,
then on {Tacos}

, XTAGA ; on {DA < as} , XDAEA .

Moreover
, if ✗ .

has continuous paths ,
3. If Ass is closed

,

then DA is a stopping time .

4. If A e- S is closed
,
then TA is an optional time - and almost a stepping time :

athX.tw)

Pf
.

1
.

First
,
TA --DA on {XIA} always .

on { KEA}
,



1. { DA < t} = { 1- seat ✗SEA}

2. If A is closed
,
and Talukas , Two] = Inf { t >o : Xp c-A}

3
. If A is closed and X.

is continuous
,

IDA > t} = { ✗ set A tsst}

Sine X
.

is continuous
, Xcom , Lw ) ÷ { Xslw) : asset}

is compact .
i. d ( ✗ ego ] Iw ), A)



4. / If AES is closed and X
.

is continuous
,
then {Taft}e% too

,
{ TA=e}e%+

.

]
• It >a) TA > t ⇒ { Xs}o<sstnA=¢

• (-1--0) TA > a ⇒ Is > oxso-ACV-seco.SI


