
Def : Given lrltttzs P) , a stopping time t : r→ [gas ]

is a random variable satisfying { est} e- Ft ft > o .

Iff { I > t } c-Ft if {e=t}tFt
Note : in the discrete time setting {eat} ¥ {056-1} c- 8+-1
Here we have a richer structure

.

c- is called an optional time if { c- < t } e- Ft ft > o .

↳ stopping times are optional times : {eat } = ↳ { esn } c- It
.

↳ The converse is generally false . But : 0%-4 e- It

Def : For ostsos.FI : = 8s Fast :=F5=F•
.

For o - too
, II := • Is) Fi : -- Fo

Each of ⑤f) too and (Ft )6% are filtration ,

g- c- It c- Ftt tt
A filtration is right -continuous if FÉ=F+ to >o .



Notice : ⇐E) +so is right - continuous J-ttt-G.T-st-sftrfsfr-r.fr = Fit
so every filtration has a right continuous extension .

Lemmer : c- : r→ ↳as ] is a 1 ftp.o - optional time ✓
iff it is a ⇐ftp.o - stopping time .

✓

Ergo : if the filtration is right - continuous , {optional times} -- { stopping times } .
Pf . If it is a (Ft ) too - optional time , for tea

,
{ c- < tttn} I {Tst} .

i. { Tst} = { c- < tttn } c- FE
.

Conversely , if c- is a#to>e- stopping time , for t >o,
{ t - t } = {Tst

- tn} c- Fj c. Jt .

If t=o
,
{ c- - o } = ¢ c- %

.

H

It is i. customary to extend the filtration, and
always assume it is right - continuous .



The canonical examples of stepping times in discrete time are hitting times
of a stochastic process in some set A SS

.

Def : Let Hotze : oh
,
8. D) → CSB] be a stochastic process .

Let A c-B
.

Hitting Time : TA :-. infft >0 : Xte A} ( info = as
. )

Debut Time : DA := inf { t >o = XttA }
Note that DA --TA on IX. ¢ A} ; generally , DA STA .

These are not necessarily stopping / optional times .
F-g. Let F- e- 9- be an event with PIE) ¢ { go} . Define

✗+
= max 1st - l } DE + max {0,1--2} Dec .

Set A-- loos)
.

Ta =DA = { 1 on F-

2 on EC
. : {TA 51 } = E .

But xt-oftc.co
,
is i. 8¥ = {ER} YES 1 .

¥
.

{Tss ¢94?



Prop : Let tr
,
too
,
P) be a filtered probability space , i. WHO is

and let it)tzo : roses,B) be an adapted process , } progressions measurable
with right - continuous paths . Then so Xo

1. If A SS is open , TA -DA is an optional time .

is measurable true
.

2. If A SS is closed
,
then on {Tacos}

, XTAGA ; on {DA < es} , XD* EA .

Moreover
, if ✗ .

has continuous paths ,
3. If Ass is closed

,

then DA is a stepping time .

4. If A e- S is closed
,
then TA is an optional time - and almost a stepping time :

{ TA sb} c-Ft Ht>o ; {TA - o } e- Got
a f-MtX.tw) ← TACWJ = 0 .

T
Impossible to toll from %)
i. { TA =D ¢ 9-9

.

If
.

1
.

First
,
TA --DA on {XIA} always .

on { KEA}
,

f.'Ii ✗g- X. c-A-

i. Xp c- A Houff small to > o . i. TA = D= DA .



1. { DA < t} = { 1- seat ✗SEA} = { Is e- 6,100 YEA}
= U NEA} c- Ft ✓ Xs -- figs Xr e- A ⇒ ✗REA
se 6,10 Iqs c. g-jeff trtlsste)

2. If A is closed
,
and Talukas , Trio)=inf{ t >o : Kota}

Similar fer DA ✓
7 KITA et

. Xtnt A

i. XTA = times Xtn
3. If A is closed and X.

is continuous
,

-

'

- % .

IDA > t} = { ✗ set A tsst}
C- always 3 by nc . and openness A

'

Sine X
.

is continuous
, Xcom , Lw ) := { Xslw) : osssb}

is compact .

.
: dlxeo.io ] Iw ), A) > 0 .

-

l > two )

{ DA> f) =# { dlxc, , , >A) > In }
e v n Edlxs

,

A) =L} e- If
✓

not so-6,10010 6-8%58



4. / If AES is closed and X.is continuous
,
then {Trost}e8t too

,
{ TA=e}e%+

.

]
• It >a) TA > t ⇒ { Xs}o<sstnA=¢

↳ ETA < t}=¥%¥Ass}
⇐ { Xs} gsss.to/t--$Vsc- 6,10

.

c- 85597
i. TA is angstrom time .

⇐ d( { ✗ asset
,
A) > ¥ .

{ To > is s ¥É;¥¥¥,-§ } } e- Ft
.

n> Vt

section Fats

• (-1--0) TA > a ⇒ Is > oxso-HV-seco.SI

{ Ta > e- God, { ×s÷¥}
e- FE .

eg¥ 111


