
Progressive Measarability
If inner :D ,

F
,
P) → IS

,B) is a discrete-time stochastic process ,
and I :(R

,
F
,

P) → N is a (measurable) function ,
then

✗ t is measurable .

Indeed
,
4in
,
w) = Xnlw ) is

-

2N 5- → B measurable
This automatic measurability doesn't always hold in continuous time .

E.g. (Xt ) t=o : In
,
't
,
P) → 1113 BAR))

✗
+
Lw ) = 1A It) wer

then Xt is measurable for each t
but

Celt
,
w ) = Xtlw) = 1)Act) is not B ↳§ 5-→ BAR) measurable .

Things get even hairier if a filtration is around .



Def : Given a filtered probability space IR , (E)to, 't , PJ ,
a stochastic process (Xt)t=o :(rites, D) → ( SB)
is progressively measurable if tt > o , the map at :[stick→ s

974W ) - Xtlw)
is BG.tl FT → B measurable

.

This is stronger than just being Bigod • I → B measurable : it also

incorporates adaptedness .

Lemma : Let 4 :[ gas)xr→ S ; Ult
,

w) = Xtlw) (so 9T = 9 / co,tµr ) .
If X .

is progressively measurable , then it is adapted,
and 9 is B [god④ 5- →B measurable

.

Pf
.

Set ytlw ) = IT, w )
check that 7T is 9- 1-→ Best] Ftmeasurable .

i. ✗
+
= qtoyt is It → B measurable



Now we must show that 4 :[god ✗I→ s is Blois) ☒ 5- → B measurable .

Take VEB
.

Then 9-
' ( V ) n ( at ) ✗A)

Now
, cops ) = ¥µ CGT ] ,
i. 9-

'

LV) =

It is possible for a process to be adapted but not progressively measurable .

Fortunately , this pathology doesn't occur in processes we care about .

Prop : Suppose S is a separable metric space , and
Xt :( 5h,#too ,8, D)

→ CS
,
Bls))

is adapted and right - continuous .

Then X
.

is progressively measurable .

The idea is to approximate X
. by piecewise constant

processes that are easily seen to be progressively measurable
and use robustness of measarability under limits .



Pf . Approximate the function qtct, w )=Xtlw ) , 16,5-6,1-1×52 by

cenlt.ws =

NyYMfM;×t
Then ¥n•Un( t.wj-4-lt.io) for Hide ↳TIER

For
any VEB ,

Qi
' LV ) =

i. cen is Best] Ft →B measurable tnev
,

and .
: so too is 9T - FILE

.


