
The characterization of Brownian motion as the unique centered
continuous Gaussian process with covariance IEIBSBJI -- s - t is

very useful for recognizing Brownian motion in sometimes
unexpected places .

Theorem : Let B :-(Bttzo be a Brownian motion
.

The following processes
are also Brownian motions

(a) Rt = - Bt .

( reflection

(b) Do = c-
"
2Bet for any c>o

.

1diffusion scaling)

(c) G. = 1- But for too , Ceo .
( time inversion

(d) St = But - BT } for any ,>a. (
time shifted )

(e) Mt = Bt -t - Bt
← + ← [ gt ,

I time reversed )



Of
.

In all cases
,
it is easy to check that the process is Gaussian , and centered .

In ⑨
,
(b)Idke) continuity is also dear

,
and so the result follows by

calculating the covariance , which is routine
.

We'll focus on time inversion 10
.

G- = It But ,
too

0
,
t = 0

• Gaussian :

• Mean and covariance :

• Continuity : Ionly to is unclear)



Cor :( BM LLN ) Let lBtt=o be a Brownian motion .
Let p > o . Then :

lineup 1 Btl = { 0 if p > I a. s .
toes tp as if o<p<I

Pf
.

Let ct=tBiq .

Since C. is a Brownian motion , (G) tea
,
, ,
is a.s.ca for ✗4

.

OTOH
, per [Lee 54.21 , dinyyplcgl.es a.s . if ✗ > & .



The exact rate of divergence of Brownian motion as toes is known
.

Theorem :(Khinchin
, Kolmogorov ; Hartman

- Vintner)

The Law of the Iterated Logarithm

lineup ± Bt
+→•

, ztloghlegt))
= 1 as

-

Using Donsher 's CLT , this can be used to show : if lxn )n> i are iid Lh standardized
,

limsup ± Sn
"→ •

i Znloghlegn))
= 1 AS

.

Note : by the classic CLT ,


