
Def: A path we cast ] ,5) is ( locally ) coat te 6,1-1 if

sup 11W ( s) - w 11011 < as
se-co.tl

s-tks-ttI-e.FCtcss.t.llwlss-wctllsctlt-skfse-co.tl
.

Note : the ratio is finite for any s.tt ; thus , an equivalent formulation
is

es > limsup 11W Is) -with
= linsupllwctth) -wall

s → t is -1-19 h→o 1h / ✗
.

If a path is 0 on Cgt] , then it is locally Ct at every teen ; the
converse is not true

.

In fact
we Gist ] iff Sup lrinsup llwctth) -wall < as .

tc-cg.tl n→o 1h / ✗

In the last lecture
,
we showed that

,
with a >£

,

Brownian motion is a.s .

not G. It
.

P.is#.,-glinmsIPBt+h-Bt < a) = a1hr

This doesn't preclude the possibility that BM is locally
G. perhaps even at every point . But that's not true .



Theorem : Let F-a = ¥,, { KEEP
113th - Btl < es} = { inf.FI#lBy-nYaBtl as}1h10

If ✗> tz
,

then there is a measurable set Éa ?East
. PIE)=o .

I-e.PHF-a) = 0
.

"

Brownian motion is nowhere locally on , D= 1
.

"

Cor : Brownian motion is nowhere differentiable , a.s .

Pf . If tt Btw] is doff 'ble at some point t , then for any ✗ c- 11,0 ,
limsup I Bktnlw) - Bt Lw) I 1h1

'→

n→ o 1h µ 1h1
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As a first step to the proof, we show Brownian motion is not locally Cd
at t=o for a> tz .

Lemma : If ✗> tz , lings:p 117¥, = as as .

( We prove this for a >{ ;
you'll explore the ✗ =L case

Pf . If ¥m→%p 17¥. < as , then B. is locally on a future IHW ] . )
Ct @ t=o

,
and so F C <• s.t.IBtlsctdttc-6.tl

.
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Proof of Theorem : To prove B. is nowhere locally C" K >E) on [at ] , we

will work with B. defined on a larger interval ↳1- +m ]
F-
a

= { W : It c- [ out ] , lining:p Btthlw)
- Btw]

< as }1h10

So
,
for we F- ✗ , Fc < A St

.

I Btlw) - Bslw) / f CH -SP Fse [gttm ]

• Approximate t by rationals : for any n ,
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So long as je m -1
,
in + In s tttn + In ST + ltj s Ttm
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^

)
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That is
,
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For DEN
, define AD := ÷÷

,

{ 1B¥. - Bit Is Dna } .

We just showed that F-
✗

c-

*
AD = : É

.

Claim : V-DEM.PL/tD)--o..:p*lEa-P(Éa ) =D .

To prove this , we make the same observation as in the lemma :

Nate : the eventsPCAD)ffimP(Ñ"Ñ{1B¥' - Bit I ' Dn" } )
{ 1B¥. - Bit Is Dri };i=oj=Lntj

+ I P(Ñ "

are independent
5=0

j=j

sliminf IT IP / 1B¥. - Bit Is Dn-a) 2- =D MSD
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i=o 5=1
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" !
-
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We've shown that PLAD) 5 (1-+1) liminfn.pl 12-15 Dn 's -a)
m"

where 2- =D NGO
uses

Plitt _<8) =fg¥☐É%dw
→•

n . IDnt-9m
"

Ffgstdx
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- S
.

£ limnf

= Dm-1 liñsñf ltlm-011-0=0
.

µ,
n→s n

i - Need ltlm -01£-a) < of
it

. ✗ > { + £ , .

Note : this shows that LBt.ec#-mi is a.s.net locally
Cd [ e.T ] for any ✗> £ Cm > It✗
Since T was arbitrary , this proves the paths are

rough everywhere .


