
Regularity of Paths
et 6,1110 be a normed space , and take we Clcgt ],5) .

In general , let IT denote an interval partition of ↳T ]
IT = { e-kit , < - - - < tn=T } c- Plcgt ) )

Def . Given 1s pees and
1T£ Past ] )

,
define

Np 11T , w) :
= ( £11 wit;) - wltj.it/P )

"
P

j =)

The p - variation up (w) of the path is ooplwj : = sup
1T£ pay,y)Np(

IT
,
w )

.

F-g. Suppose we Lipke,TD .

Then

NUT,w )
= £11 wltjtwltj.DK

g- =)

If V , look as ,
we say w has bounded variation

.



It is possible for a path to have unbounded variation ,
but still ouplw) < as for some p > 1 .

But if Vplw) cos, Nglw) < as far q> p .

Prep .

For we clean
,
5)
, pts Nplw) is a decreasing function .

Pf
.

Follows from pts Np lit,w) being decreasing for any it .

For that , just note that for any lajji , 30
and Isp sq <as

¥4 g- 9



In the p
--1 case

,
there is an alternative way to compute Vilw) .

V
,
1W) = sup

IT C-Pao,TDY ( IT
,
W)

The reason is the following :

Lemma : If IT C- IT
'

then V
,
IIT
,
WI f V

, / IT ',w ) .

If IT = { e- t.at ,
< tie - - < tn}

The same is not true fer p > 1 .

Indeed
,
it is possible for figs up / In,wJ<as but Uplwjus .

BV @ios) paths are precisely the Riemann - Stieltjes integrators :

ffdw = ¥5.is?g-fltE)lwctio-wlti-.D .



Quadratic Variation
- or we CKST] ,S ) ,

ITEPCCSTD
, define

Q( IT
,
w) = V21 IT

,
wf

The quadratic variation of w l should it exist ) is

Qlw ) : = " Fso QIIT, w) =/ Nzlwih

F-g. reset

11 wet) - w ( r) 112

= 11 WH) - w (5) 1ft 11W ( s ) - wer) 11h

Prop : If LBttc.co ;-] is a R - valued Brownian motion
,

and if time Past ) ) with 1117mV → 0
,
then

Qltm
,
B) converges in L2 to T .

Moreover
,
if £1117m 11 cos

,
Qtm

,
B)→T a.s . [HWI



Cor : Let Up (B) in) : = Vp Utrs Btw) beat, ) . If p<2 , Up /B) us a. s .

Pf
.

Let amine ☒ be a sequence in MUST] ) sit . § illtmll < es
Let no = {Qlltm

,
B)→T}

Suppose were satisfies Up / B) Iw) < es .
Then

Qlltm
,
B) Iw) = Vzlltm

,

B. IWDZ

Now
,
1111TH→ o ,

and B.tw) is uniformly continuous
.

Fix e>o
,
and let 8>o beat

.
Is-1-1<8 ⇒ lwlstwltke .

For all large m
,
111%11<8

,
so

max

IBtnlw-Btw.ws/2-Ptkt1TmThnsQl1Tm,B)lw1
(This is also true for p=2 ; harder to prove .)



Cor : If a> tz
,

Brownian motion (Bttecqt] is as
.

not G.

Bf
.

Let 4Th ) me ☒ and do = { Qlltm
,
B) → T} as above

,
so PLR . ) = 1 .

If tt Btw) is on for some were ,

Qlltm
,
B) Iw) = I ( Btjlw) - Btj.int

t
,
c- Itm

so
,

with probability 1
, Brownian motion is not on

for any ✗ >£ . ( Again , this is also true for ✗¥ . )
That 's tree on any interval G.T] . In fact

,

it's even 1-me

locally .


