
Last time
,
we proved the following :

If {Xiii , are lid Kris with ECXnl=o
,
Elin ]=1

, Sn=§gXn
and wnltj-i-fnsu.tn ,

then Wn → f.d. B. ← Brennan matron .

We'd like to upgrade this result from convergence in f.d. distributions
to weak convergence . . .
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There's a quick fix :

Fn - • • • • Fn - • • • •

¥ - • • • • • • ¥ - • • • • • •

@ • I & 1 I 1 I 1 to I • I ⑥ I 1

µg
→

@ • I & 1 I 1 I 1 to I • I ⑥ I 1 I 1

-

'

← • • ¥ • • In
¥ ¥

Wn Bn



Def : Let {Xn}% ,
be iid Kris with ECXnf-o.EU/n4--1.SetSn--&Xk .

Define B.lt) := Fg ( Swt, + Int - int 1) Xintsti ) sn•

= Wnlt) t KFt¥ ✗Lntstl .
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= Wn 1k¥) - Bn 1k¥ ) .
i. Bn is a continuous process .

And : it is very close to Wn
.

Prop : Bn → f. d. B Brownian motion
.

Pf . Let t , _,t. > o .

Set Xn=( Brito, _,BnHnD o.pk
Yn = ( Wnw

,
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,
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we've proved that Yn→w LBW ,
-

,
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Well now show that An -_ Xn-E.→po ; by Slutsky 's thin ,
it then follows that Xn - It Dnt 2- to .

✓



An = ✗
n
- Yn = ( Bnlti

,
-

, Bnltn ) - l Wnltid , - , Wnltn)
= Fg ( Int , - until ) ✗ ink , ti , . . . ,(ntk- Lntkl) ✗ Lntniti)

Pt " Drill > E) = P(µ§l¥ lntj - Lntj , ) Xing, +112 > Ej { £1812> I}
5--1

F E IPL ¥1415 - Lntjj >knight > E) S { 7 ,-1%-12 > &}
g- =)

☒Et_till↳ 6 strike EM ]
5 Fate Emil ] → o as n→- . 111

So : now we have processes Bn c- CURT
,
IR)

,

the same path) state space as Brownian motion B ,
and Bn → f.d. B.

↳ upgrade to Bn→wB ?



Theorem : ( Donsker 's Functional CLT / Donskor 's Invariance Principle)
YT > 0
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Pf . We know Bn→ f. d. B , and all are continuous processes .

Therefore , to conclude Bn list , → w Blest , , it suffices bby [ Lee 52.3 ) )
to show that { Binet is tight .

To establish tightness , it suffices t.by [ Lee 52.21 ) to show
that { Britney satisfy Kolmogorov 's tightness criteria :
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f. and I Bnlo)}nt☒ is tight .
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This is tree with the problem as stated .

But to give a palatable proof, we're going to
make the slightly stronger assumption

Xn C- L4

Claim : Under this assumption ,
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,
we consider three regimes for is -1-1 :
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Thus
,
all together, we find that for any set

,

F- 11 Bnls) - Bn 1101415 C Is - tf

where c = max { 1,4
,
lrztrb) 4 } E[ ✗ it ]
I 223

This Ckegethor with the fact that B. 6) = o Hn so forms alight sequence)
proves Kolmogorov 's tightness criteria, and so concludes the

proof that Bn→wB
. "I


