
Recall that a sequence {µn}neµ of probability measures on a common
measurable metric space (GB) is tight if
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for each e>o
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F compact kec-cs.t.mn (ki) < 8 Ynet .
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Let lxnll-Dte.co
,
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of continuous stochastic processes in S .
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,
V
,
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,
B( Cds ↳D)

When is such a sequence tight ?
First question : what de compact sets in desks) look like ?
Theorem : (Arteta - Ascoli ) Lets be a complete metric space ± Heine -Borel

property ( closed bounded sets are compact) . Then a
subset k C- CLEO

,
11,57 , doo

is compact iff it is closed , pointwise bounded ,
and equi continuous :

ft: ↳ I ] , we K , e> o IS = Slt
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Lemma : Let Nas ,
✗ > e. S

'

pose we cke.li , satisfies
dslwcss

,
wlt) ) 5 NIS - ti V-s.be 6,11

,

and ds ( Wb) ,⇒ s N for some Ko c- S
.

Then W is uniformly equi continuous and uniformly bounded .

Pf . Equicontinuous :

Bounded :

Note : the dos - closure of an equicontinuous /
pointwise bounded set is equicontinuous

/

pointwise bounded .



Theorem : ( Kolmogorov 's Tightness Criteria
Let S be a complete metric space with the Heine - Bonet property .

Let lxnltdteigi.net be a sequence of continuous stochastic processes .

in S
.

S '

pose 1- e.Cao and p> ite s .t.su#EldslXnls3Xnlt))P1fC1s-tit0V-gtc- ↳ 11
,

and I Xnlo)}nt☒ is uniformly bounded ± high probability

Then the laws { Pn }
. c. µ
e Prob / Chairs))

form a tight sequence of probability measures
on path space .
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Pf . Recall Dklw] = Y¥¥, dlwl ) ,w()

KIWI = 21" £22k Dalio]
Keo

By Kolmogorov 's continuity Criteria , for any ✗ e- ↳ elp) , Kacxn) c- LP :

Elka / XDPjs c. 2PM
)

4- za - Elp)P
Fix any ✗ c- lo

, Elp) , and define
WI = { wc-cko.MS) : Kalos N B dlwcojx.SN }

Then RIHM = Plxnelwii)
= PC Kalin > N or dlxn6916) > N )
s PC Kalin > d) 1- Pldlxnlo),>6) 4)

Thus SIP Pnl#f) → o as a→ es
.



Now set Ki = WI .

Then

Pnl kit ) £ Pn lait)
.

Since Wi is uniformly equieontinners and bounded (by the lemma),
it follows that {Kilner are all compact . .:{Pn} nen is tight .


