
probabilitymeasuresonpathspaletkttc-co.robe a continuous - path process in a metric space S .
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Thanks to Kolmogorov , we know such things exist .
↳ start with a process (4) tea , , satisfying the Kolmogorov Criteria;
select a version + e- cop , that is a.s . continuous

The law of such a process is therefore
a probability measure on path spoke
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what - - field should we take ?



Def : The cylinder 6- Field e-- edged ,5) is the e. field generated
by the projections it + : clean

,
5) → S : ittlw) = wet )

.

F- g. If ne N , BE B. (5) , and ti , -→ tnt [ 0,11 .

The path space is a metric space in its own right .
dos : Clcpl 1,572 → Lois)
dos ( w , y )

: =

This is a complete metric I even if ds is not
,
and

is separable iff S is separable .



Theorem : e(↳ ISS) = B( Closet, S) , des ) [Driver
,
Lemma 34.7 ]

f Borel e- field over the metric space (case ] , s ), doo)

Thus
,
we can identify the law of a continuous stochastic process 4)tea

,
, ,

as a probability measure on (Cleo, il , 5) , Blasi 1,8)) .

Most Important Example :

Let ☒ teat] be pre -Brownian motion starting @ see Rd

• ✗a = I

• xt-X5-dflo.lt-DID ) independent from 5-¥ for less - t

we saw last time that El I xt-xst.pl = Cp It -sp
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i. by Kolmogorov, 1- version ☒ E) team that is

a - Hilder continuous for a < E- § ,

a.s
.



Since Ptrp) =/ , Plshpnshq) = ftp.q >2

Lemma : The processes XP
,
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Now
,
let p run through { 4,56, . . . } . By induction :

see that I
"

,
Is
,
¥
,
.
. .

are all indistinguishable .

So they are all equal , as processes , on some PH event

Ros
.

Def : This process is called Brownian Motion (Bt to-6,0 .

For all were
, (t→ Btlw) ) te ↳T ) c- G ta - § .



Def : The Wiener measure WF is the law of Brownian Motion :

WF e- Prob ( cast]
,
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This measure was originally constructed by d. Wiener @ MIT

> in 1923 Iago 29 ) , almost 15 years before Kolmogorov and
his school set probability theory on rigorous footing

, using ideas/ really engineered by Wiener .

None of the tools we've used this year existed .

Wiener more directly constructed this measure on
path space , using the Daniel integral I introduced
4 years earlier) . From a modern viewpoint, Wiener
defined the process through its (random ) Fourier series ,
which he masterfully showed is ca la4) with
delicate convergence arguments .


