
Continuous Time Processes
f The, a)

rom now on
,
we will be focusing on precesses (Xt)tzo or I e. to ]

Xp:(R
,
{ Fist> o , B) → IS

,
B)

The law of such a process is a measure on St

Px / E) =P I wtr : It↳ Xtlw)) + e- 1- c- E)
what kinds of subsets F- of path space

One choice : 1ST
,
NET
,
Px) can be measured ?

I.e. what • -field ?

Problem : this o - field is too small .
↳ when S = Rd

,

it doesn't contain

{ continuous paths}
or fright-centrums paths left limits}



Def : Let ✗ = cxttet and 4=147tet be processes IRA , B) → IS
,
B) .

Say Y is a version Lor modification ) of ✗ if

ttet ✗g-Yo as .

Def : say ✗ and Y are indistinguishable if 1PM ✗ +0=0
"

I.e. IN c- 8
,
PCN) --0

,
S.t. P*{ Feet Xjt%}=Pf%¥%})

{ ✗ ¥4} C- N

Notice : if ↳d) is a metric space and B- Bls,d) , then

XP versions iffo-I.PT/PlXt-tYt)

xp indistinguishable iff o=



E.g. (Rft
,
D) = ([oil

,

B. [gl ]
,
Unf )

✗
+ it :D→ 112

.

✗+
= 0 Ytlw) = A [wet} .

For fixed t
,

PI Xt't%) =

Bud :{ ✗ =/ Y } =

Note : if { tyt, . . . } is a countable collection of times
,
and

if ☒ tet is a version of lxttet
,

then

PC In c- ☒ sit
. ✗↳ + Ytn =

↳ If T is countable
,
X,Y versions # YY indistinguishable

↳ In general, if KY are versions
, they have the

[ same finite-dimensional distributions . ]



When we constructed Markov processes , we did it essentially by specifying
their finite - dimensional distributions :

P
"

c- Prob 1st
,

Bit ] Vices

I.e. we constructed the law of the process , realized on

"

path space
"

St
.

Our goal now will be to find a continuous version of such processes ,
when possible .

I e. given X
,
show 3 version Ñ of X s.t.lt↳ Ipw)) tet

Then I will have the same f.d. distributions as ✗
,

so will be
"the same " from the Markov process

perspective .
But now

,
instead of St , it lives

on tree path space
CCT
,

S ) § ST



Actually , CMS) is still too big for the methods we'll use .
we're going to construct versions that are somewhat more regular .
Def : Let w :[gas) → IS, d) .

Fix some ✗ c- 1917

Say w is Hélder - a continuous
,
we Gaga ] , S ) if I K=Kw<es

s .t.ts.tt ↳ a) ,
• If we were to take ✗ = I

,
we get

• If we were to take a > 1
, we get

• If o<2<pct , and we restrict to Cgt ] C [ gas) , then CB [go c- c%T]

we're going to present criteria (due to - who else?

)
,

in terms of f. dim
.

distributions
,

which guarantee that a process has a Ci version

for some ✗ c-↳ D .


