
Continuous Time Processes
ram now on

,
we will be focusing on precesses (Xt)

"↳↳
or [ e. to ]

Xp:(R
,
{ Fist> o , B) → IS

,
B)

The law of such a process is a measure on St

Px / E) =P I wtr : It↳ Xtlw)) + e- 1- c- E)
% what kinds of subsets F- of path space

One choice : 1ST
,
NYT
,
P×) can be measured ?

11 Ie
.

what • -field ?
• ( of : t c-T) : lot = ST→ s

lot Cw) = w (t
)

Problem : this o - field is too small .
↳ when S = Rd

,

it doesn't contain

{ continuous paths}
or fright-centrums paths left limits}



Def : Let ✗ = cxttet and 4- Pitter be processes IRA , D) → ( SB) .

Say Y is a version Lor modification ) of ✗ if

V-tc-TXg-Yga.S.ie . Putt =D for each te T
.

could have P(Xt=% ttet) < 1 if 1- is
uncountable

.

Def : say ✗ and Y are indistinguishable if PY ✗ +0=0
"

I.e. IN c- 8
,
PIN)=o

,
S.t. P*{ Feet Xjt%}=Pf%¥%})

{ ✗ +4} ENFÑacht⇐t
, { Xt -1-4 } C {11--14} SN
i. Put -4¥) SPIN) =D .

Notice : if ↳d) is a metric space and B- Bls,d) , then

XP versions iffo-I.PT/PlX+-tYt)--fY.f-lPldlXgYD >e)
xp indistinguishable iff o= P*{ %fdlxt.FI > o}



E.g. (Rft
,
D) = Cell ,B[gl ]

,
Unf )

i. ¥8 Versions
.✗

+ it :D→ 112
.

✗+
= 0 Ytlw) = A [wet} .

For fixed t
,
Plight} = IP (8--10) =P ( w : wet) = o

.

But :{ ✗ =/ Y } = { It c-↳ is : Xtlw) -1- how} i. PIX #Y) =P/r) --1
.

= { w : 1- been I {w=t} to } =D NI indistinguishable .

Note : if It ,t, . . . } is a countable collection of times
,
and

if He)teT is a version of lxttet
,

then

PCJ-nexs.li . ✗↳ + Yad =P / On { Xtn -4%} )
s ? IPIXbutton) = 0

.

↳ If T is countable
,
X,Y versions # Xp indistinguishable

↳ In general, if KY are versions
, they have the

[ same finite-dimensional distributions . ]



When we constructed Markov processes , we did it essentially by specifying
their finite - dimensional distributions :

P
"

c- Prob 1st
,

Bit ] Vices

I.e. we constructed the law of the process , realized on

"

path space
"

St
.

Our goal now will be to find a continuous version of such processes ,
when possible .

I e. given X
,
show 3 version Ñ of X S:& ltnsxtlw)) +et G CCI 5) .

Then I will have the same f.d. distributions as ✗
,

so will be
"the same " from the Markov process

perspective .
But now

,
instead of ⑧ it lives

on tree path space
CCT
,

S ) § ST



Actually , CIIS ) is still too big for the methods we'll use .
we're going to construct versions that are somewhat more regular .
Def : Let w :[gas) → IS, d) we 5%

"

.

Fix some ✗ c- lo
,
1)

Say w is Hélder - a continuous
,
we Gaga ] , S ) if I K=Kw<es

s .t.ts.te-G.es )
,
dllwcsbwlt ) ) 5 Kw Is - t /

✗

• If we were to take ✗ = I
,
we get Lipschitz functions . I d- 15=1Rd)

• If we were to take a > 1
, we get constant functions [ HW]

.

• If o<2<pct , and we restrict to Cgt ] C [ gas) , then CB [go c- c%T]
Is -TIP = Is -1-19 Is -1-1 B

"
s 1- B-

•

Is - fla
.

we're going to present criteria (due to - who else?

Kolmogorov ) ,

in terms of f. dim
.

distributions
,

which guarantee that a process has a Ci version

for some ✗ c-↳ D .


