
Upcrossings are a measure of oscillation .
↳ Given a sequence X-txnlnc.vn in IE

, UT ca
,
b) = # times ✗ crosses Lgbt

upwards in lxe , ✗ a)
• If Xnt , UI lgb) • If Xnlv

,
UI

suppose f.im#Xn=lnim;IfXn..:lnim;Ifxn < limsnpxn
hides

Doob's Upcrossing Inequality : if ✗ is a submartingale
,
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Theorem : If ✗ is an L
'
-bounded submartingale

,

then him Xn = : Xo exists in IR a.s , and X
-
E E

.

/Note : suffices just to assume sunp Elint ] cos
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Pf . Er any acts
,
El Wfla,b) Is ¥a( Elka-97+1 - F- UH - a)+1 )

so
,
if rgb = { w : U%%a

,
b) < as } then Borgb) = 1 .

i. No := 0 Rgb has D= 1
.

But on Ro
,

Xos :=fYEsXn GIÑ
.

q< b f
a,btQ Must show Xcs c- Lt

11=-11×-11--11--1 ¥1 Hnl )

Note : k→im•Xn= Yes a. s
.

and Yes c- L
"

⇒ 11k -XIU → o



Earlier
,
we saw that regular martingales Xn -- ECXIFnl.am UI

.

It turns out that
,
in the d- - bounded category , the converse is true .

Theorem : Let in)neµ be an H - bounded martingale ; let Xo :
-

- finish
.

Then { Xn} c- is UI iff Xn = Elks 1%1 Yn
.

If
.

1 martingale case)
(⇒ By the Vitali convergence theorem , Xn→X• in Lt .

Fix n ; for men , Xn = E- [Xml In]

(G) If Xn=ElXesl8n] where ✗• c- Lt
,

then

Chinoy is a regular martingale .

i. From Hee 48.11
we know {Ximen is UI

. 111

( For the submartingale case , see [Driver, Cor 23.591 .)



Cor : Let kpaos . Suppose Linney is an LP -bounded martingale .

Then figs Xn = :X es exists g. S . , Yes c- LP , and Nn -Xeslllp→ e.

In particular, Kinney is a regular martingale : Xn= Elks 1%1 a. s .

Pf
.

Let Yn= Nnp
.

Since linnet is a martingale , Yn is a sub martingale .

i. Yes := f.IsoYn exists a. s . and is in Lt
.

Also : 11 Xnlki

i. Yes = finds Xn exists as
.

Now
,
to show Nn -✗• the → o , by Vitali, suffices

to show { IXNIP } net is UI
.



Claim : { Yn} no = { IXNIP} net is UI
.

Suffices to show { Yn}nt☒ has a un
-form dominating function g c- Lt [ Lee 48.11

Yn = Nn IP s

Thus
, Minney is UI

,

and i. by Vitali, Xn→X• in LP
.

Finally, { Xin? ,
is LP -bounded for some p> 1

,

so it is UI ; also
,

it is L
'
-bounded

i. By the last Theorem , Xn = F- [✗• 1%1 as -

111



As a final note : recall the optional Sampling Theorem , which in general
requires bounded stopping times .

Theorem : 1 optional sampling Theorem ,
II)

Let Hn)ne☒ be a regular martingale , and let Xo : = things Xn
.

Then for any two stopping times go :

✗
+
= F- Has to ]

,
Ell Xo 115 EINest ] cos

,

and

El Xt 1%1 = Xero
.

If
.

Since ☒ is regular, it's UI ; i. by the last Theorem,
✗
n

- 11=-1×-1%1 .

It follows that Xo = EH • 1%1 ( Lec 45.3 ]
i. 1×+1

Finally , the general tower property [Lee 45.31 , as Xeoctt ,
F-% [✗of =

°


