
Def : Let {Xn)ne☒ be any sequence in IR u { to} .

Set

✗I : = max { Xe
,Xy . . . ,Xn }

Estimates for the running max are often powerful tools .

E.g. In [Lee
.

18.21 we proved and used Kolmogorov 's maximal inequality :

if I }n}n? , are independent , centered , L2 random variables
,

and

Xn = I { it -
-
- + {n t

then PHE 3 E) s te ElXi : ✗I > e)
1This was the key to proving Kolmogorov's convergence criterion , and i. SLLN .

You should review the proof : you'll see that it really
used stopping times !)

we'll see that Kolmogorov's maximal inequality
is really a special case of more general, powerful
bounds for submartingales .

I



Prop : ( Livy's maximal inequality) oh
,
{ Edna

,
B)

Let lXn)ne☒ be a submartingale
,

and let NEM
.

For any a> o ,

Pl Xii > a) s ta E[ Xp : ✗ I > a ]

Pf
.

Set T = tears , = inf { n>o : Xn > a}
,
a stopping time .

By the optional sampling Theorem ,
F- [ Xn I Fend > ✗ c- rn

i. El Xo : TSN ] = E / Xen : e SN ]

Note that { c- s N } = { Xn 3 a for some n s N }



F- [ ✗ µ : ✗ I 3 a) 3 F- [ Xp : est ] where I = infsnzo : Xn> a }
i. Xo 3 a en {Ecs }

we're going to use this to prove an LP martingale inequality for p > 1
.

Theorem : ( Doob 's submartingale Inequality)
Let Hun>o be a >a submartingale , and let p> i. Then the ☒ ,

Elkin"P= 11 XI 11µs p
' HXNHLP

Cor :( Doob 's Martingale Inequality )
If www.o is a martingale , PCIM IF > a) s ta Ell Mnl : Mit>al s ta Earn 11
and if Mn c- LP for some p > 1 then 111M¥ 11µs p 'll Mally .

Pf
.

1. Apply key
to the submartingale Xn=l Mnl .

2. Apply Doob



Lemma : Let X
,
Y be zeros with PH > y) sty FIX :X > y ] Yy > o .

Let p > 1 .

Assume YELP
.
Then E. (YP ) 5 Lp 1) PIEL XP ] .

If
.

XP - OP = [ pyp -1dg =p SID {yet} YP - '

dy

By Tonelli 's theorem, IELYPI =p f- EID qysy} / YP-1dg

Now we use Hélder 's inequality .

IEIXTP
" ] 5 11×11 µ HYP-111µs '

so 11×11 Ep E p
' 11×11 LP 11411¥

'

.



Theorem : ( Doob 's submartingale Inequality)
Let Hun>o be a >a submartingale , and let p> i. Then the ☒ ,

Elk# I ⇐ 1¥ , )P EWP )

Bf
.

Since ✗
n

-
- Nnl is a submartingale , by Lévy 's maximal inequality ,

P( XP > a) s ta Eun :X : > a)

i. By Lemmer ,
sidenote : there is no L

'
Isub) martingale inequality .

E.g.sn = symmetric random walk starting at 1
.

✗ n = SE ← martingale ( by optional stopping ] ,
F- Hnl =

what can we say about El XII ?



We proved [ Lee 43.2 ] P' ( tact)
= ate ta > o

.

F- lmm¥oXm|=§,Plmm¥Xm > a) ( see [ Lee 46.31 )

=
.

But XF-maxsxs.int 1¥ Xm
, so by MCT , E- 1×11 Pos

while Elin]=1 tn . I


