
Uniform Integrability
A collection of random variables As d- 048,113 is called

uniformly integrable LUI) if
El 1×1 : 1×1 > a)

Ie
.

tail expectations are uniformly small .

F-g. If 11 has a dominating Lt function ,

1×1 s get tied
,

F-g. If A C- LP for some p
> 1 and £4B, 11×11 Lp

- es
,

then A is UI
.

F- g. Any subset of a UI set is UI
.



Lemma : If A e- Lt is UI
,
then A is L" - bounded : ftp.E [1×1] < as .

Pf. By assumption . §¥ EH ✗ 1111×1 >at → o as a→ es
.

So fix a s.li
.

The converse is false
,
as we'll soon see

.

UI is equivalent to another uniform regularity condition .

Def: A collection of random variables As d- 048,113
is called uniformly absolutely continuous LUAC) if
He 20 Is > o sit . FB c-F

,
P(B) < 8 ⇒ §:B, F- 11×1 :B / < E .

it
- lineup {ECM :B) ; ✗ c-A

,
PlB) < 8 } = 0 .

8 to



Prop : For any A C- L' crit
,
D)
,
A is UI Iff 11 is UAC and Lt - bounded

.

Pf
.

⇐ ) For any a
> e
,
BEF

,
✗ c- A

,

F- 11×1 :B ) =

i. limsup { Eat :B ) : ✗ c-A
,
PCB) <8 } s840

We already showed that UI sets
are Lt - bounded .

⇐ Let K = §:* 11×11<1 . For a > o
,
XEA

,

PCIXI >a)
.

5 1M¥ s ka
.

He>o
,
cheese 8 > o sit

.

PIBKS ⇒ HEREIN :B / <E ,
Now
,
set a =



Cor : If A e- L'
is UI and ✗ c- Lt

,
then Atx = { YTX : YEA} is UI

.

PF
. By the last proposition , A is UAC

.

Fix e >o
,
and cheese 8

,
>e s

.

t.plB) <8 ,
⇒ E- [ HI :B ] < EK FYE A

.

Of course {X} is UI
,
i. UAC

,
so cheese Sport . IPCB) <{⇒ ECHL :B ] < § .

i. For 8=81^82 ,
III 1×+41 :B ) .

: ATX is UAC
.

Also sup { 11×+4111 , : YEA } i. At X is UI
.

Uniform Integrability is precisely the gap between E-convergence and
convergence in probability .

Theorem : ( Vitali Convergence Theorem)
Let {Xn}n:c Her,%P ) , and let ✗ be measurable

.

Then
✗ c- L

" and Xn→X intiff
as

Hina , is UI and Xn→pX



Pf
.
If Xn→X in Lt

,
then Xn→pX ( Lee

.
13.1 ]

Let Yn = Xn-✗ →oink' For any fixed NEN
,

SIPE 1141 : Hnl > al s EEP
,
E- IMI : Hnl >al V BENNI : Hnl > a)

i. fifes SIP El Hnl : Hnl > al s I:B Elint / → o as Noses .

Thus { Yn}n% is UI
-

} .:{XD is UI

Xn= Tnt ✗
4×3 is UI .

Conversely , suppose Xn → px • { Xnl UI .

For a > 0
,
Yn 1) Hnl < a → 0 in Lt

Mn -✗ Hi = Ellyn / Dank a) + F- 11%1111%1>a)



Prop : Let Apes and let ✗ c- LP /rit , D) .

Then
A-- { Ey CX ] : GSF is a sub - o - field }

is LP - bounded
,
and UI

.

Pf. We've shown Ey is an LP - contraction it
. HEY whips HXIKP

For p > 1
,
it now follows immediately that A is UI

.

For p=1 : we know lEy CHI
i. Ell Eyal I :/ Eyal I > a ]

By Markov 's inequality , P( legal >a) s ta Elley Hill
since { X } is UAC

,

it follows that F- 11×1 : HIGH Ha ]

Cor : If Xn = # [XIII is a regular martingale ,
then { Xn} net is UI

.



F-g. Let ne-☒ by lid , Zn =D It Unified ] .

We know that .
: Xn = ZOZ, - - Zn is a martingale , and EdXnl )

Is it regular ? Xn ? F- HIII for some ✗ eh?
Notice : tnlnxn = ¥ §.tn Zi

i. Xn

If Xn were regular , Xn= F- 1×1%1 for some ✗ c- Lt
,
then { Xn] would be UI

.

i. By Vitali , Xn → o in it
.
But then

i. 11×11,1 = 111×1 = F- [ EH I = E- [Xn )

we see that L
'
-boundedness # UI

,
and

there are 30
,
Lt - bounded martingales that

are not regular.


